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Chapter 1

Introduction

We know from elementary probability theory that probabilities of disjoint
events “add up”, that is, if A and B are events with A N B = &, then
P(AUB) = P(A)+ P(B). For infinitely-many events the situation is a little
more subtle. For example, suppose that X is a random variable with uniform
distribution on the interval (0,1). Then { X € (0,1) } = Useon{X = s}
and P(X € (0,1)) = 1 but P(X = s) = 0 for every s € (0,1). So the
probabilities on the right hand side do not “add up” to that on the left
hand side.

A satisfactory theory must be able to cope with this.

Continuing with this uniform distribution example, given an arbitrary
subset S C (0,1), we might wish to know the value of P(X € S). This
seems a reasonable request but can we be sure that there is an answer, even
in principle? We will consider the following similar question.

Does it make sense to talk about the length of every subset of R? More

precisely, does there exist a “length” or “measure” m defined on all subsets
of R such that the following hold?

1. m(A) >0 for all A C R and m(@) = 0.

2. If Ay, As,... is any sequence of pairwise disjoint subsets of R, then

m(Un A”) - Zn m(An)
3. If I is an interval [a, b], then m(I) = ¢(I) = b — a, the “length” of I.
4. m(A+a) =m(A) for any A C R and a € R (translation invariance).

The answer to this question is “no”, it is not possible. This is a famous
“no-go” result.

Proof. To see this, we first construct a special collection of subsets of [0,1)
defined via the following equivalence relation. For x,y € [0, 1), we say that
x ~ gy if and only if x — y € Q. Evidently this is an equivalence relation on
[0,1) and so [0, 1) is partitioned into a family of equivalence classes.
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2 Chapter 1

One such is Q N [0,1). No other equivalence class can contain a rational.
Indeed, if a class contains one rational, then it must contain all the rationals
which are in [0, 1). Choose one point from each equivalence class to form the
set Ag, say. Then no two elements of Ay are equivalent and every equivalence
class has a representative which belongs to Ag.

For each ¢ € QN [0,1), we construct a subset Ay of [0,1) as follows. Let
Ay ={x+q—[z+q]: 2 € Ay} where [t] denotes the integer part of the
real number ¢. In other words, A, is got from A + ¢ by translating that
portion of Ay + ¢ which lies in the interval [1,2) back to [0,1) simply by
subtracting 1 from each such element.

If we write A9 = B, U B] where B, = {z € Ag : v +¢q < 1} and
By = A\ By, then we see that A, = (B;+q)U(By +¢—1). The translation
invariance of m implies that m(A4,) = m(Ay).

Claim. If r;s € QN [0,1) with r # s, then A, N A; = @.

Proof. Suppose that © € A, N As. Then there is a € Ag such that z =
a+r—Ja+r]and B € Ag such that z = 8+ s — [3 + s]. It follows that
a ~ 3 which is not possible unless o = 3 which would mean that r = s.
This proves the claim.

Claim. quQm[o,l) A, =10,1).

Proof. Since A; C [0,1), we need only show that the right hand side is a
subset of the left hand side. To establish this, let z € [0,1). Then there is
a € Ag such that & ~ a, that is x — a € Q.

Casel. z>a. Put g=2—a€Qn|[0,1). Then x = a + ¢ so that z € A,.
Case 2. x < a. Since both = € [0,1) and a € [0,1), it follows that 2 >
l+x>a Putr=14z—a. Then 0 <r <1 (because x < a) and r € Q.
Hence x = a+r — 1 so that x € A,.. The claim is proved.

Finally, we get our contradiction. We have m([0,1)) = ¢(][0,1)) = 1. But

m(0,1)=m( |J A)= Y m(A)

geQn[o,1) geQn[o,1)

which is not possible since m(A,) = m(Ap) for all g € QN [0, 1). n

We have seen that the notion of length simply cannot be assigned to every
subset of R. We might therefore expect that it is not possible to assign a
probability to every subset of the sample space, in general.

The following result is a further very dramatic indication that we may
not be able to do everything that we might like.

Theorem 1.1 (Banach-Tarski). [t is possible to cut-up a sphere of radius one
(in R3) into a finite number of pieces and then reassemble these pieces (via
standard Euclidean motions in R3) into a sphere of radius 2.

Moral - all the fuss with g-algebras and so on really is necessary if we want
to develop a robust (and rigorous) theory.
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Introduction 3

Some useful results

Frequent use is made of the following.

Proposition 1.2. Let (Ay,) be a sequence of events such that P(A,) =1 for
alln. Then P((, A, ) =1.

Proof. We note that P(A¢) = 0 and so
P(U,AS) = tim P, AS) =0
because P(J" | AS ) <> | P(AS) = 0 for every m. But then
PN, An) =1=P((N,4n)") =1-P(U,45) =1
as required. =

Suppose that (A,,) is a sequence of events in a probability space (£2, %, P).
We define the event { A4,, infinitely-often } to be the event

{ A,, infinitely-often } = {w € Q: YN In > N such that w € 4, }.

Evidently, { A, infinitely-often } = (0, Uy, Ax and so { A, infinitely-often }
really is an event, that is, it belongs to X.

Lemma 1.3 (Borel-Cantelli).

(i) (First Lemma) Suppose that (A,) is a sequence of events such that
> P(Ay) is convergent. Then P(A, infinitely-often) = 0.

(ii) (Second Lemma) Let (Ay,) be a sequence of independent events such
that y,, P(Ay) is divergent. Then P(A, infinitely-often) = 1.

Proof. (i) By hypothesis, it follows that for any € > 0 there is N € N such
that >~ v P(A,) <e. Now

P(Ay infinitely-often) = P( (), Ugsn Ak ) < P(Uksn Ak ) -
But for any m
P(UiLy Ak ) < D P(A) <
k=N
and so, taking the limit m — oo, it follows that
P(A,, infinitely-often) < P( sy Ak ) =lim P( ULy A ) <¢
and therefore P(A,, infinitely-often) = 0, as required.
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4 Chapter 1

(ii) We have

P(A;, infinitely-often) = P(,, Ug>, Ak )
= hm hm P( Um+nz4 ) -

The proof now proceeds by first taking complements, then invoking the
independence hypothesis and finally by the inspirational use of the inequality
1—x <e ™ for any « > 0. Indeed, we have

P((UpZy Ar)®) = PO AL)

m+n

= H P(Af%), by independence,

m-+n

< H e PR | since P(AS) =1 — P(Ag) < e P9,

. zm+" P(Ay)

— 0

as m — oo, since ) 3, P(Ay) is divergent. It follows that P( U, Ar ) =1
and so P(A,, infinitely-often) = 1. .

Example 1.4. A fair coin is tossed repeatedly. Let A, be the event that
the outcome at the n'" play is “heads”. Then P(A,) = % and evidently
> .. P(Ay) is divergent (and Aq, As,... are independent). It follows that
P(A,, infinitely-often) = 1. In other words, in a sequence of coin tosses,
there will be an infinite number of “heads” with probability one.

Now let B, be the event that the outcomes of the five consecutive plays
at the times 5n, 5n + 1, 5n + 2, 5n 4+ 3 and 5n + 4 are all “heads”. Then
P(By,) = (3)’andso Y, P(B,) is divergent. Moreover, the events By, Ba, . ..
are independent and so P(B,, infinitely-often) = 1. In particular, it follows
that, with probability one, there is an infinite number of “5 heads in a row”.

Functions of a random variable

If X is a random variable and ¢g : R — R is a Borel function, then Y = g(X)
is o(X)-measurable (where o(X) denotes the o-algebra generated by X).
The converse is true. If X is discrete, then one can proceed fairly directly.
Suppose, by way of illustration, that X assumes the finite number of distinct
values 1, ..., Ty and that Q = [ J;; Ay where X = z, on Aj. Then o(X) is
generated by the finite collection { 41,..., 4,, } and so any o(X )-measurable
random variable Y must have the form Y = >, yi 14, for some y1,...,ym
in R. Define g : R — R by setting g(x) = >} yr 1{4,1(2). Then g is a
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Borel function and Y = g(X). To prove this for the general case, one takes
a far less direct approach.

Theorem 1.5. Let X be a random variable on (2, S, P) and suppose that Y
is o(X)-measurable. Then there is a Borel function g : R — R such that
Y =g(X).

Proof. Let C denote the class of Borel functions of X,
C ={¢(X): for some Borel function ¢ : R — R }

Then C has the following properties.
(i) 14 € C for any A € o(X).
To see this, we note that o(X) = X ~(B) and so there is B € B such that

A= X"YB). Hence 14(w) = 15(X(w)) and so 14 € C because 15 : R — R
is Borel.

(ii) Clearly, any linear combination of members of C also belongs to C.
This fact, together with (i) means that C contains all simple functions on

(©2,0(X)).
(iii) C is closed under pointwise convergence.

Indeed, suppose that (¢,) is a sequence of Borel functions on R such that
on(X(w)) = Z(w) for each w € Q. We wish to show that Z € C, that is,
that Z = p(X) for some Borel function ¢ : R — R.

Let B = {s € R:lim, ¢,(s) exists }. Then

B ={s€R:(pn(s)) is a Cauchy sequence in R }

=N U N {emls)— 1 <enls) < omls) + 4}

keN NeN mn>N

{on(s) <em(s)+7 } N {@m(s)—F <on(s) }

and it follows that B € B. Furthermore, by hypothesis, ¢, (X (w)) converges
(to Z(w)) and so X (w) € B for all w € Q.
Let ¢ : R — R be given by

_ ) limy, o,(s), s€B
@(8)_{0, s¢B.

We claim that ¢ is a Borel function on R. To see this, let 1, (s) = @n(s) 15(s).

Each 9, is Borel and v, (s) converges to ¢(s) for each s € R. It follows that
© is also a Borel function on R. Indeed,

{s:es)<at=J U N{s:¢nls)<a-1}
keN NeN n>N

is a Borel subset of R for any o € R.

To complete the proof of (iii), we note that for any w € ), X (w) € B and
50 (X (w)) — p(X(w)). But ¢n(X(w)) — Z(w) and so we conclude that
Z = p(X) and is of the required form.
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6 Chapter 1

Finally, to complete the proof of the theorem, we note that any Borel
measurable function Y :  — R is a pointwise limit of simple functions and
so must belong to C, by (ii) and (iii) above. In other words, any such Y has
the form Y = g(X) for some Borel function g : R — R. n

L versus L

Let (Q,S8,P) be a probability space. For any 1 < p < oo, the space
LP(Q,S, P) is the collection of measurable functions (random variables)
f Q@ — R (or C) such that E(|f") < oo, ie., [o]f(w)[’ dP is finite.

One can show that £? is a linear space. Let || fll, = (Jo|f(w)? dP)l/p.
Then (using Minkowski’s inequality), one can show that

1+ gllp < If1lp + lgllp

for any f,g € LP. As a consequence, |||, is a semi-norm on £P — but not a
norm. Indeed, if g = 0 almost surely, then |/g|[, = 0 even though g need not
be the zero function. It is interesting to note that if ¢ obeys 1/p+1/q =1
(q is called the exponent conjugate to p), then

1 llp = supf /Q fal dP - gll, < 1}.

Of further interest is Holder’s inequality

/Q Fal dP < £l N9l

for any f € LP and g € £? and with 1/p+1/g = 1. This reduces (essentially)
to the Cauchy-Schwarz inequality when p = 2 (so that ¢ = 2 also).

To “correct” the norm-seminorm issue, consider equivalence classes of
functions, as follows. Declare functions f and g in L£P to be equivalent,
written f ~ g, if f = g almost surely. In other words, if A/ denotes the
collection of random variables equal to 0 almost surely, then f ~ g if and
only if f —g € N. (Note that every element h of N belongs to every £P and
obeys ||h||, = 0.) One sees that ~ is an equivalence relation. (Clearly f ~ f,
and if f ~ g then g ~ f. To see that f ~ g and g ~ h implies that f ~ h,
note that { f =g}t N{g=h} Cc{f=h}. Bt P(f=9)=P(g=h) =1
so that P(f =h) =1, ie., f ~h.)

For any f € LP, let [f] be the equivalence class containing f, so that
[f] = f+ N. Let LP(Q,S, P) denote the collection of equivalence classes
{lf]: feLpr}. LP(Q,S,P) is a linear space equipped with the rule

alf] + Blg] = [af + Bg].

One notes that if f1 ~ f and g1 ~ g, then there are elements h', h” of N
such that f1 = f+h' and g1 = g+h”. Then af1+ 891 = af +Bg+ah’+5h”
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which shows that «f; + 8g1 ~ af + Bg. In other words, the definition of
alf] + Blg] above does not depend on the particular choice of f € [f] or
g € [g] used, so this really does determine a linear structure on LP.

Next, we define [I[flll, = Ifllp- T€ £ ~ f1, then |fll, = fillps 0 Il - I
is well-defined on LP. In fact, || - ||, is @ norm on LP. (If ||[f]|l, = O, then
|| fll, = 0 so that f € NV, i.e., f ~ 0 so that [f] is the zero element of LP.) It
is usual to write | - ||, as just || - |[,. One can think of L and £P as “more or
less the same thing” except that in LP one simply identifies functions which
are almost surely equal.

Note: this whole discussion applies to any measure space — not just
probability spaces. The fact that the measure has total mass one is irrelevant
here.

Riesz-Fischer Theorem

Theorem 1.6 (Riesz-Fischer). Let 1 < p < oo and suppose that (fy) is a
Cauchy sequence in LP, then there is some f € LP such that f, — f in
LP and there is some subsequence (fy,) such that f,, — f almost surely as
k — oo.

Proof. Put d(N) = sup,, ;> ||fn — fmllp- Since (f,) is a Cauchy sequence
in £P, it follows that d(N) — 0 as N — co. Hence there is some sequence
ny < mg < ng < ... such that d(ng) < 1/2F. In particular, it is true
that || fr,,, — fallp < 1/2%. Let us write gy for f,,, simply for notational
convenience.

Let Ay = {w :|grs1(w) — gr(w)] > 1/k? }. By Chebyshev’s inequality,

P(Ag) <k E(lgis1 — gil?) = k% ||grs1 — gillh < k* /28

This estimate implies that ), P(Aj) < oo and so, by the Borel-Cantelli
Lemma,

P( Ay infinitely-often) = 0.

In other words, if B = {w : w € A for at most finitely many k }, then
clearly B = { Ay, infinitely often }¢ so that P(B) = 1. But for w € B, there
is some N (which may depend on w) such that |gg41(w) — gr(w)| < 1/k2 for
all k > N. It follows that

gi41(w) = 91(@0) + Y (g1 (@) — gr(w))
k=1

converges (absolutely) for each w € B as j — oo. Define the function f on
Q by f(w) = lim; gj(w) for w € B and f(w) = 0, otherwise. Then g; — f
almost surely. (Note that f is measurable because f = lim; g; 1p on £2.)
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We claim that f,, — f in £'. To see this, first observe that

m (e.9]
gm+1 — gJHp = HZ Jk+1 — gk Z lgr+1 — gk”p < 22_k-
k=j k=j

k=j

Hence, by Fatou’s Lemma, letting m — oo, we find
[ee]
—k
If=gilln < D275
k=j

In particular, f — g; € £P and so f = (f — g;) + g; € LP.
Finally, let € > 0 be given. Let N be such that d(N) < e and choose
any j such that n; > N and Zzo:] 27k < %5. Then for any n > N, we have

1f = Fally S Nf = Fasllp + 1y = Fally <D 27 +d(N) <&
k=j
that is, f, — f in LP. "
Proposition 1.7 (Chebyshev’s inequality). For any ¢ >0 and 1 < p < 0o
P(IX[ = c) <[ X1}
for any X € LP.

Proof. Let A={w:|X|>c}. Then

X = /Q XP dP

—/ XP dP+/ XP dP
o\A
/yX\p ip

> PP(A

as required. "

Remark 1.8. For any random variable g which is bounded almost surely, let
llglloc = inf{ M : |g| < M almost surely }.

Then ||g|l, < ||glloc and ||g]|cc = limy—o ||g][p. To see this, suppose that g
is bounded with |g| < M almost surely. Then

gz = /Q gP dP < MP
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and so ||g||, is a lower bound for the set { M : |g| < M almost surely }. It
follows that ||g|l, < [|9]/co-

For the last part, note that if ||g||cc = 0, then g = 0 almost surely. (g # 0
on the set | J,{|g] > 1/n} = A, say. But if for each n € N, |g| < 1/n almost
surely, then P(A) = 0 because P(|g| > 1/n) = 0 for all n.) It follows that
llgll, = 0 and there is nothing more to prove. So suppose that ||g|loc > 0.
Then by replacing g by g/||g|cc, We see that we may suppose that ||g|lco = 1.
Let 0 < 7 < 1 be given and choose § such that r < § < 1. By definition of
the || - ||co-norm, there is a set B with P(B) > 0 such that |g| > J on B. But
then

1= lgll > lgl} = [ o aP = & P(B)

so that 1 > |lg|l, > § P(B)'/?. But P(B)'/? — 1 as p — oo, and so
1> ||g|l, > r for all sufficiently large p. The result follows.

Monotone Class Theorem

It is notoriously difficult, if not impossible, to extend properties of collections
of sets directly to the o-algebra they generate, that is, “from the inside”.
One usually has to resort to a somewhat indirect approach. The so-called
Monotone Class Theorem plays the role of the cavalry in this respect and
can usually be depended on to come to the rescue.

Definition 1.9. A collection A of subsets of a set X is an algebra if
(i) X € A,
(ii) if Aec Aand B € A, then AUB € A,
(iii) if A € A, then A° € A.

Note that it follows that if A, B € A, then AN B = (A°U B¢ € A.
Also, for any finite family A;,..., A, € A, it follows by induction that
U?:l A; € A and ﬂ?:l A; € A

Definition 1.10. A collection M of subsets of X is a monotone class if

(i) whenever Ay C Ay C ... is an increasing sequence in M, then
UZi Ai e M,

(i) whenever By O By O ... is a decreasing sequence in M, then
ﬂz?il B; e M.

One can show that the intersection of an arbitrary family of monotone
classes of subsets of X is itself a monotone class. Thus, given a collection
C of subsets of X, we may consider M(C), the monotone class generated by
the collection C — it is the “smallest” monotone class containing C, i.e., it
is the intersection of all those monotone classes which contain C.
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Theorem 1.11 (Monotone Class Theorem). Let A be an algebra of subsets
of X. Then M(A) = o(A), the o-algebra generated by A.

Proof. Tt is clear that any o-algebra is a monotone class and so o(A) is a
monotone class containing A. Hence M(A) C o(A). The proof is complete
if we can show that M(A) is a o-algebra, for then we would deduce that
g(A) € M(A).

If a monotone class M is an algebra, then it is a o-algebra. To see this,
let Ay, As,--- € M. For eachn € N, set B, = A1U---UA,. Then B, € M,
if M is an algebra. But then |J;2; A; = U,—; Bn € M if M is a monotone
class. Thus the algebra M is also a g-algebra. It remains to prove that M
is, in fact, an algebra. We shall verify the three requirements.

(i) We have X € A C M(A).
(iii) Let A € M(A). We wish to show that A° € M(A). To show this, let

M={B:Be M(A) and B* € M(A)}.
Since A is an algebra, if A € A then A° € A and so
AC M C M(A).

We shall show that M is a monotone class. Let (B,) be a sequence in
M with B € By C .... Then B, € M(A) and B € M(A). Hence
U,, Bn € M(A) and also (,, By, € M(A), since M(A) is a monotone class
(and (Bf) is a decreasing sequence).

But N, B = (U, Bn)® and so both {J, B, and (U, Bn)® belong to
M(A), ie., U, B, € M.

Similarly, if By D By D ... belong to M, then (), B, € M(A) and
(N, Bn) = U, BS € M(A) so that (), B, € M. Tt follows that M is a
monotone class. Since 4 C M C M(A) and M(A) is the monotone class

generated by A, we conclude that M = M(A). But then this means that
for any B € M(A), we also have B¢ € M(A).

(ii) We wish to show that if A and B belong to M(.A) then so does AU B.
Now, by (iii), it is enough to show that AN B € M(A) (using AU B =
(A°N B°)¢). To this end, let A € M(A) and let

My={B:Bec M(A) and ANB e M(A)}.

Then for By € By, C ... in M4, we have

AnlBi=JAnBie M(A)

i=1 i=1

since each AN B; € M(A) by the definition of M 4.

ifwilde Notes



Introduction 11

Similarly, if B; D By O ... belong to M 4, then

AmﬁBi:ﬁAmB,-eM(A).
=1

i=1

Therefore M 4 is a monotone class.

Suppose A € A. Then for any B € A, we have AN B € A, since A is
an algebra. Hence A C My C M(A) and therefore M4 = M(A) for each
Ae A

Now, for any B € M(A) and A € A, we have

AeMp < ANBe M(A) < Be My=M(A).
Hence, for every B € M(A),
AC Mp C M(A)

and so (since Mp is a monotone class) we have Mp = M(A) for every
Be M(A).

Now let A, B € M(A). We have seen that Mg = M(A) and therefore
A € M(A) means that A € Mp so that AN B € M(A) and the proof is
complete. "

Example 1.12. Suppose that P and @ are two probability measures on B(R)
which agree on sets of the form (—o0,a] with a € R. Then P = @ on B(R).

Proof. Let S = {A € B(R) : P(A) = Q(A) }. Then S includes sets of the
form (a,b], for a < b, (=00, a] and (a,00) and so contains A the algebra of
subsets generated by those of the form (—oo, a]. However, one sees that S is
a monotone class (because P and @) are o-additive) and so S contains o (.A).
The proof is now complete since o(A) = B(R). .
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Chapter 2

Conditional expectation

Consider a probability space (2, S, P). The conditional expectation of an
integrable random variable X with respect to a sub-g-algebra G of S is a
G-measurable random variable, denoted by E(X | G), obeying

/E(X]g)dP:/XdP
A A
for every set A € G.

Where does this come from?
Suppose that X > 0 and define v(A) = [, X dP for any A € G. Then

:/XlAdP:E(XlA).
Q

Proposition 2.1. v is a finite measure on (2,G).

Proof. Since X 14 > 0 almost surely for any A € G, we see that v(A) > 0
for all A € G. Also, v(Q) = E(X) which is finite by hypothesis (X is
integrable).

Now suppose that A1, Ao, ... is a sequence of pairwise disjoint events in G.
Set B, = A1 U---UA,. Then

/XlB dP = /X 1, + ... +14,)dP
=v(A)+---+v(4,).

Letting n — o0, 1p, 11 4, on Q and so by Lebesgue’s Monotone Conver-
gence Theorem,

/XandPT/XlUnAndP:z/(UAn)
Q Q -

It follows that ), v(Ay) is convergent and v(J,, An) = >, ¥(A4,). Hence
v is a finite measure on (92, G). .

13
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If P(A) =0, then X 14 = 0 almost surely and (since X14 > 0) we see
that v(A) = 0. Thus P(A) =0 = v(A) =0 for A € G. We say that v is
absolutely continuous with respect to P on G (written v << P).

The following theorem is most relevant in this connection.

Theorem 2.2 (Radon-Nikodym). Suppose that p; and pg are finite measures
(on some (2, G)) with 1 << pe. Then there is a G-measurable po-integrable
function g (g € LY(G,duz)) on Q such that g > 0 (u1-almost everywhere)
and p11(A) = [, gdus for any A€ g.

With p; = v and pe = P, we obtain the conditional expectation F(X |G)
as above. Note that if X is not necessarily positive, then we can write
X =X, —X_with Xy >0togive E(X|G)=FE(X+|G) — E(X_|9).
Properties of the Conditional Expectation

Various basic properties of the conditional expectation are contained in the
following proposition.

Proposition 2.3. The conditional expectation enjoys the following properties.

(i) E(X|G) is unique, almost surely.

(ii) If X > 0, then E(X |G) > 0 almost surely, i.e., the conditional
expectation is (almost surely) positivity preserving.

(iii) E(X+Y|G)=E(X|G)+ E(Y|G) almost surely.

(iv) Foranya € R, E(aX |G) = aFE (X |G) almost surely. Also E(a|G) =
a almost surely.

(v) If G ={Q,2}, the trivial o-algebra, then E(X |G) = E(X) every-
where, i.e., E(X |G)(w) = E(X) for every w € Q.

(vi) (Tower Property) If Gi C Ga, then E(E(X |G2)|G1) = E(X |G1).

(vii) Ifo(X) and G are independent o-algebras, then E(X |G) = E(X)
almost surely.

(viii) For any G, E(E(X|G)) = E(X).

Proof. (i) Suppose that f and g are positive G-measurable and satisfy

/AfdP:/AgdP

for all A€ G. Then [,(f —g)dP =0 forall A€ G andso f —g = 0 almost
surely, that is, if A = {w: f(w) # g(w) }, then A € G and P(A) = 0. This
last assertion follows from the following lemma.
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Lemma 2.4. If h is integrable on some finite measure space (2, S, u) and
satisfies fA hdu =0 for all A€ S, then h =0 p-almost everywhere.

Proof of Lemma. Let A, = {w: h(w) > 1}. Then

0= [ hduzd [ du=1puan)
An An

and so p(Ay) =0 for all n € N. But then it follows that
p({w:h(w)>0})=Ilimu(A,) =0.
N—————— n
Un An

Let B, = {w: h(w) < —2 }. Then

0= [ hdps—t [ du=—}um)
n B’VL
so that u(B,) =0 for all n € N and therefore

p({w:h(w)<0})=limu(B,)=0.
U, Bn '

Hence
n({w: h(w) £03) = alh < 0)+ p(h > 0) =0,
that is, u(h =0) = 1. .

Remark 2.5. Note that we have used the standard shorthand notation such
as u(h > 0) for p({w: h(w) > 0}). There is unlikely to be any confusion.

(ii) For notational convenience, let X denote E (X |G). Then for any A € G,

/)?dP:/Xszo.
A A

Let B, = {w: X(w) < —13}. Then

Xdp< -1 / dP =~ P(B,).
Bn n

However, the left hand side is equal to [ 5, X dP > 0 which forces P(B,) = 0.
But then P()A( < 0) = lim,, P(B,) =0 and so P(X' >0)=1.

(iii) For any choices of conditional expectation, we have
/E(X+Y!g)dP:/(X+Y)dP
A A
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:/XdP+/YdP
A A

:/E(X|g)dP~|—/E(Y|g)dP
A A

:/E(X+Y|g)dP
A

for all A € G. We conclude that E(X +Y |G) = E(X |G) + E(Y | G) almost
surely, as required.

(iv) This is just as the proof of (iii).

(v) With A = Q, we have

XdP = | XdP=E(X)
A Q

= | BE(X)dP
Q

= | E(X)dP.
A

Now with A = &,

/AXdP:/szP:0:/AE(X)dP.

So the everywhere constant function X : w — E(X) is {2, @ }-measurable

and obeys
/ X dp = / X dP
A A

for every A € {Q,2}. Hence w +— E(X) is a conditional expectation of
X. If X’ is another, then X’ = X almost surely, so that P(X’ = X) = 1.
But the set { X’ = X } is {Q, @ }-measurable and so is equal to either @ or
to Q. Since P(X’ = X) = 1, it must be the case that { X’ = X} = Q so
that X (w) = X'(w) for all w € .

(vi) Suppose that G; and Gy are o-algebras satisfying G; C Gy. Then, for
any A€ glv

/AE(X|g1)dP=/AXdP

= / E(X |G2)dP since A € Gy,
A

—/E(E(X]gg)jgl)dP since A € Gy
A

ifwilde Notes



Conditional expectation 17

and we conclude that E(X |G1) = E(FE(X | G2) | G1) almost surely, as claimed.

(vii) For any A € G,

/AE(X|g)dP:/AXdP:/QX1AdP
= E(X14) = E(X)E(1,)

= / E(X)dP.
A
The result follows.

(viii) Denote E(X |G) by X. Then for any A € G,

/X’dP:/XdP.
A A

In particular, with A = Q, we get

/)?dPZ/XdP,
Q Q

that is, E(X) = E(X). .

The next result is a further characterization of the conditional expecta-
tion.

Theorem 2.6. Let f € L1(Q, S, P). The conditional expectation f= E(f|9)
is characterized (almost surely) by

léfgdpziéfbdp (+)

for all bounded G-measurable functions g.

Proof. With g = 14, we see that (x) implies that

/Afdpz/AfdP

for all A € G. It follows that fis the required conditional expectation.

For the converse, suppose that we know that (%) holds for all f > 0.
Then, writing a general f as f = f* — f~ (where f* > 0and fTf~ =0
almost surely), we get

/QfgdP:/QﬁgdP—/QfgdP

:AFgM—AFgM
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and we see that () holds for general f € £!. Similarly, we note that by
decomposing g as g = g* — g™, it is enough to prove that (x) holds for g > 0.
So we need only show that (x) holds for f > 0 and g > 0. In this case, we
know that there is a sequence (s,) of simple G-measurable functions such
that 0 < s, < g and s, — g everywhere. For fixed n, let s, = > a;14,
(finite sum). Then

/QfsndP:Z/AjfdP=Z/AjfdP:/QfsndP

giving the equality
/fsn dP:/fsn dp.
0 Q

By Lebesgue’s Dominated Convergence Theorem, the left hand side con-
verges to fQ f g dP and the right hand side converges to fQ fgdPasn — oo,
which completes the proof. n

Jensen’s Inequality

We begin with a definition.

Definition 2.7. The function ¢ : R — R is said to be convex if

pla+s(b—a)) < pa)+ s(p(b) —p(a)),

that is,
P((1 = s)a+sb)) < (1 —s)p(a) + sp(b) (2.1)

for any a,b € R and all 0 < s < 1. The point a + s(b —a) = (1 — s)a + sb
lies between a and b and the inequality (2.1) is the statement that the chord
between the points (a,¢(a)) and (b, (b)) on the graph y = ¢(x) lies above
the graph itself.

Let w < v <w. Thenv =u+s(w—u) = (1—s)u+sw for some 0 < s < 1
and from (2.1) we have

(1= 5)p(v) +sp(v) = p(v) < (1 = s)p(u) + sp(w) (2.2)

which can be rearranged to give

(1= 5)(p(v) = p(u)) < s(p(w) = @(v)). (2.3)
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But v = (1—-s)u+sw =u+ s(w—u) = (1 —s)(u—w)+ w so that
s=w-u)/(w—u)and 1 —s = (v—w)/(u—w) = (w—v)/(w— u).
Inequality (2.3) can therefore be rewritten as

pv) — () _ p(w) = pv) (2.4)

vV—Uu - w—v

Again, from (2.2), we get
e(v) = p(u) < (1= s)p(u) + sp(w) — p(u) = s(p(w) — p(u))
and so, substituting for s,

() — o) _ p(w) — pu) (2.5)

vV—Uu - w—1u

Once more, from (2.2),

p(v) = p(w) < (1= s)p(u) + sp(w) — p(w) = (s = D(p(w) = p(u))

which gives
p(w) = p(u) _ p(w) —pv) (2.6)

w—Uu - w—"v

These inequalities are readily suggested from a diagram.

Now fix v = vg. Then by inequality (2.5), we see that the ratio (Newton
quotient) (p(w) — ¢(vg))/(w — vp) decreases as w | vy and, by (2.4), is
bounded below by (¢(vo) — ¢(u))/(vo — u) for any u < vg. Hence ¢ has a
right derivative at vy, i.e.,

iy #(0) = 9(w0)

=Dt .
D ¢(vo)

Next, we consider u T vg. By (2.6), the ratio (¢(vo) — ¢(u))/(vo — u) is
increasing as u | wvp and, by the inequality (2.4), is bounded above (by
(p(w) — @(vg))/(w — vg) for any w > wvg). It follows that ¢ has a left
derivative at v, i.e.,

J1lim $lvo) = ¢lw) D™ p(vp).

uTvg Vo — U

It follows that ¢ is continuous at vy because

p(w) — ¢(vo) = (w — vo) (W) —0 asw | v

and

)—>0 as u T vp.
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By (2.5), letting u T vg, we get

D_QD(’U()> < QO(U)) B QO(UO)
w — Vo
< M for any vg < A < w, by (2.6)
w —

T D p(w) as AT w.

Hence
D™ p(vo) < D™ ¢p(w)

whenever v < w. Similarly, letting w | v in (2.6), we find

and so

Letting X\ | u, we get
D yp(u) < D p(v)

whenever u < v. That is, both D"y and D~ ¢ are non-decreasing functions.
Furthermore, letting u T vg and w | v in (2.4), we see that

D~ ¢(vo) < D™ (o)
at each vyg.
Claim. Fix v and let m satisfy D~ p(v) < m < DT ¢(v). Then
m(x —v) +¢v) < p(z) (2.7)
for any =z € R.

Proof. For z > v, (¢(z) —¢(v))/(x —v) | Dp(v) and so

xr—v

which means that ¢(x) — p(v) > m(z —v) for z > v.

Now let x < v. Then (p(v) — ¢(x))/(v —:U)TD p(v) < m and so we see
that ¢(v) —¢(x) < m(v—2), i.e., p(x) —p(v) > m(x —v) for z < v and the
claim is proved. "

Note that the inequality in the claim becomes equality for z = v.
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Let A= {(a,0) : ¢(x) > ax+ [ for all x }. From the remark above (and
using the same notation), we see that for any = € R,

o(x) =sup{az+ [ : (o, ) € A}.

We wish to show that it is possible to replace the uncountable set A with a
countable one.

For each ¢ € Q, let m(q) be a fixed choice such that

D™ p(q) <m(q) < D*p(q)

(for example, we could systematically choose m(q) = D™ ¢(q)). Set a(q) =

)= D~
m(q) and 3(q) = ¢(q) —m(q)q. Let Ay = {(a(q),5(q)) : ¢ € Q}. Then the
discussion above shows that

az+ 3 < o(x)

for all z € R and that ¢(q) =sup{aq+ 0 : (o, 3) € Ap }.

Claim. For any z € R, p(z) =sup{ax+ 5 : (o, ) € Ay }.

Proof. Given z € R, fix u < x < w. Then we know that for any ¢ € Q with
u<qg<w,

D™ p(u) < D™p(q) < D¥p(q) < DT p(w). (2.8)

Hence D™ p(u) < m(q) < DYp(w). Let (¢,) be a sequence in Q with
u < gn < w and such that ¢, — x as n — oo. Then by (2.8), (m(g,)) is a
bounded sequence. We have

0 < p(z) — (algn)z + Blgn))
= ¢(x) — p(qn) + #(an) — (algn)T + B(qn))
= (p(2) — @(gqn)) + alqn)gn + B(qn) — (a(gn)r + B(gn))
= (p(x) — ¢(qn)) + m(gn)(gn — ).

Since ¢ is continuous, the first term on the right hand side converges to 0
as n — oo and so does the second term, because the sequence (m(gy,)) is
bounded. It follows that (a(g,)x + B(gn)) — ¢(x) and therefore we see that
o(x) =sup{az+ [ : (a,F) € Ap }, as claimed. .

We are now in a position to discuss Jensen’s Inequality.
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Theorem 2.8 (Jensen’s Inequality). Suppose that ¢ is convexr on R and that
both X and p(X) are integrable. Then

V(E(X1]9)) <E(p(X)|G) almost surely.

Proof. As above, let A = { (o, ) : p(x) > ax + ( for all z € R}. We have
seen that there is a countable subset Ay C A such that

p(x) = sup (az+p).
(Oé,ﬁ)e.A()

For any (a, ) € A,
aX(w) + 6 < (X (w))

for all w € Q. In other words, p(X) — (X + ) > 0 on Q. Hence, taking
conditional expectations,

E(p(X)—(aX +0)|G) >0 almost surely.
It follows that
E((aX +0)]9) < E(p(X)[G) almost surely
and so R
aX + 8 < E(p(X)|G) almost surely,

where X is any choice of E(X |G).

Now, for each (o, 3) € Ay, let A(a, 3) be a set in G such that P(A(a, 3)) =1
and

aX (W) + B < B((X)|G)(w)

for every w € A(a, 8). Let A = [, g)ea,- Since Ag is countable, P(A) =1
and

~

aX(w)+ 8 < E(e(X)]G)(w)

for all w € A. Taking the supremum over (a, 3) € Ay, we get

sup oz)?(uJ) + B8 < E(p(X)]9)(w)
(a,8)€Ao

P(X (W) =p(X)(w)

on A, that is,

~

p(X) < E(p(X) | G)

almost surely and the proof is complete. "
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Proposition 2.9. Suppose that X € L” where r > 1. Then
IEX]G) [lr < | X |l

In other words, the conditional expectation is a contraction on every L" with
r>1.

Proof. Let ¢(s) = |s|” and let X be any choice for the conditional expecta-
tion E(X | G). Then ¢ is convex and so by Jensen’s Inequality

~

o(X) < E(p(X)|G), almost surely,

that is
| X|" < E(|X]" |G) almost surely.

Taking expectations, we get
E(X]") < E(E(IX]"9)) = E(|X]").

Taking " roots, gives

X < 11X

as claimed. -

Functional analytic approach to the conditional expectation

Consider a vector u = ai + bj + ck € R3, where 1,7,k denote the unit
vectors in the Oz, Oy and Oz directions, respectively. Then the distance
between u and the z-y plane is just |¢|. The vector u can be written as
v + w, where v = at 4+ bk and w = ck. The vector v lies in the x-y plane
and is orthogonal to the vector w.

The generalization to general Hilbert spaces is as follows. Recall that a
Hilbert space is a complete inner product space. (We consider only real
Hilbert spaces, but it is more usual to discuss complex Hilbert spaces.)

Let X be a real linear space equipped with an “inner product”, that is, a
map z,y — (z,y) € R such that

(i) (z,y) €e R and (z,z) >0, for all z € X,
(ii) (z,y) = (y,z), for all x,y € X,
(iii) (ax + by, z) = a(x, z) + b(y, 2), for all z,y,z € X and a,b € R.

Note: it is usual to also require that if x # 0, then (x,z) > 0 (which is
why we have put the term “inner product” in quotation marks). This, of
course, leads us back to the discussion of the distinction between £2 and L2.
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Example 2.10. Let X = £%*(Q, S, P) with (f,9) = [, f(w)g(w)dP for any
f,g€ L’

In general, set ||z|| = (z,z)'/? for z € X. Then in the example above, we

observe that || f|| = ([q f? dP)l/2 = || f]l2. It is important to note that || - ||
is not quite a norm. It can happen that ||z|| = 0 even though  # 0. Indeed,
an example in £2 is provided by any function which is zero almost surely.

Proposition 2.11 (Parallelogram law). For any z,y € X,
Iz +ylI* + |z = ylI* = 2(l|z[* + lly|*)-
Proof. This follows by direct calculation using ||w||? = (w, w). .

Definition 2.12. A subspace V C X is said to be complete if every Cauchy
sequence in V' converges to an element of V|, i.e., if (v, ) is a Cauchy sequence
in V' (so that ||vy, — vm|| — 0 as m,n — oo0) then there is some v € V such
that v, — v, as n — oo.

Theorem 2.13. Let x € X and suppose that V' is a complete subspace of X.
Then there is some v € V' such that ||z — v|| = infyev || —y||, that is, there
isv €V so that ||x — v|| = dist(z,V), the distance between x and V.

Proof. Let (vy,) be any sequence in V' such that
- d=inf ||z —y|.
|z = vnl — Jnf, [z —yll

We claim that (v,) is a Cauchy sequence. Indeed, the parallelogram law
gives

[on = v |* = [z = vm) + (v — 2)||?
=2/l — vp|? + lvn — z[]* = || (& —vm) — (o — ) |?
23 (vm-+vn))
= 2/|z — v + lvn — [ — 4|z — 5 (vm + va)|? (*)
m n 7\Um n
Now
d< |z — %( U +vp) || = H%(:C — Um) + %(33 — U ||
ev

<glle—vml+5 Jlz = v |

:d —d
so that ||z — 3 (vy,+v,)|| — d as m,n — co. Hence (x) — 2d?+2d*—4d® = 0

as m,n — oo. It follows that (v,) is a Cauchy sequence. By hypothesis, V/
is complete and so there is v € V' such that v, — v. But then

d < |lz vl < [z = vnl| + [lon =2
—_——— h\,(.)_/
—d —

and so d = ||z — v|. .
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Proposition 2.14. If v/ € V satisfies d = ||z — V||, then x — v L V and
|lv—2'|| =0 (where v is as in the previous theorem).
Conversely, if v € V and z—v" LV, then ||x —'|| = d and ||v—2'|| = 0.

Proof. Suppose that there is w € V such that (x — v/, w) = X # 0. Let
u ="+ aw where o € R. Then u € V and
lz = ul? = [z — v = aw|® = ||z = '||* - 2a(x — ', w) + &*||w]]?
= d* — 20\ + o ||w]?.

But the left hand side is > d?, so by the definition of d we obtain
—2aX + o?|w|]* = a(=2X + a|w|*) > 0

for any o € R. This is impossible. (The graph of y = x(xb? — a) lies below
the z-axis for all x between 0 and a/b%.)

We conclude that there is no such w and therefore x — v' 1. V. But then
we have

& = ||z —o|* = ||z =) + (' =) |?
=z —v|*+2 (z -0, v —v) +|]v —v|? =d+ ||v — 0|
~—_———
=0 sincev' —v eV
It follows that |[v" — v|| = 0.
For the converse, suppose that x — v" L. V. Then we calculate
& = ||z —o|* = ||z =) + (' —v)|?
= e —v|?+2 (& —v',0 —v) +Hv—|?
[ —
=0 sincev' —v eV
= Jlz = '|? +]lv =7 (%)
—_——
>d?
> d + v -

It follows that |[[v — ¢'|| = 0 and then () implies that ||z — /|| = d. n

Suppose now that || - || satisfies the condition that ||z|| = 0 if and only if
x = 0. Thus we are supposing that || -|| really is a norm not just a seminorm
on X. Then the equality [|[v —v'|| = 0 is equivalent to v = v’. In this case,

we can summarize the preceding discussion as follows.

Given any x € X, there is a unique v € V such that x —v 1L V. With
r = v+ 2z — v we see that we can write x as * = v + w where v € V
and w 1 V. This decomposition of x as the sum of an element v € V
and an element w 1 V is unique and means that we can define a map
P : X — V by the formula P : £ — Pz = v. One checks that this is a linear
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map from X onto V. (Indeed, Pv = v for all v € V.) We also see that

P2z = PPz = Pv = v = Pz, so that P2 = P. Moreover, for any z,2’ € X,
write x = v+ w and ' = v’ +w’ with v,v’ € V and w,w’ L V. Then

(Pz,2') = (v,2") = (v, + ') = (v,0) = (v+w,v') = (z, P’).

A linear map P with the properties that P? = P and (Pz,2') = (x, Pz’)
for all z,2” € X is called an orthogonal projection. We say that P projects
onto the subspace V ={Pzx:z e X }.

Suppose that @ is a linear map obeying these two conditions. Then we
note that Q(1-Q) = Q—Q? = 0 and writingany z € X asz = Qz+(1-Q)x,
we find that the terms Qz and (1 — Q)x are orthogonal

(Qz, (1 - Q)z) = (Qz,2) — (Qr,Qz) = (Qz,z) — (Q*z,Qz) = 0.

So @ is the orthogonal projection onto the linear subspace { Qz : z € X }.

We now wish to apply this to the linear space £2(Q2,S,P). Suppose
that G is a sub-o-algebra of S. Just as we construct £2(£2,S, P), so we
may construct £2(Q,G, P). Since every G-measurable function is also S-
measurable, it follows that £2(Q,G, P) is a linear subspace of £L2(f, S, P).
The Riesz-Fisher Theorem tells us that £2(Q, G, P) is complete and so the
above analysis is applicable, where now V = £2(Q, G, P).

Thus, any element f € £2(Q2,S, P) can be written as

f=F+g

where f € L£2(9,G,P)and g L £2(2,G, P). Because | -||2 is not a norm but
only a seminorm on £2(,S, P), the functions f and g are unique only in
the sense that if also f = f' + ¢’ with f’ € L£2(9,G,P) and ¢’ € L%(Q,G, P)
then ||f — f||l2 = 0, that is, fe L£2(Q,G, P) is unique almost surely.

If we were to apply this discussion to L?(2,S, P) and L?(2,G, P), then
|| 1|2 is a norm and the object corresponding to fshould now be unique and
be the image of [f] € L?(12, S, P) under an orthogonal projection. However,
there is a subtle point here. For this idea to go through, we must be able to
identify L?(€2,G, P) as a subspace of L*(Q,S, P). It is certainly true that
any element of £2(Q,G, P) is also an element of £2(£, S, P), but is every
element of L%(Q,G, P) also an element of L?(2, S, P)?

The answer lies in the sets of zero probability. Any element of L?(, G, P)
is a set (equivalence class) of the form [f] = {f + N(G)}, where N(G)
denotes the set of null functions that are G-measurable. On the other hand,
the corresponding element [f] € L?(2, S, P) is the set { f + N(S) }, where
now N (S) is the set of S-measurable null functions. It is certainly true that
{f4+N(@G)} c{f+N(S)}, but in general there need not be equality. The
notion of almost sure equivalence depends on the underlying o-algebra. If
we demand that G contain all the null sets of S, then we do have equality
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{f+N(@G)} = {f+N(S)} and in this case it is true that L?(Q,G, P)
really is a subspace of L?(Q2,S,P). For any z € L*(Q,S,P), there is a
unique element v € L?(€, G, P) such that z — v L LZQQ,Q,P). Indeed, if
x = [f], with f € £L%(Q,S, P), then v is given by v = [ f].

Definition 2.15. For given f € L£2(2,S, P), any element fE L£2(9,G, P) such
that f — f L £2(Q,G, P) is called a version of the conditional expectation
of f and is denoted E(f|G).

On square-integrable random variables, the conditional expectation map
f— f is an orthogonal projection (subject to the ambiguities of sets of
probability zero). We now wish to show that it is possible to recover the
usual properties of the conditional expectation from this £? (inner product
business) approach.

Proposition 2.16. For f € L2(Q, S, P), (any version of) the conditional ex-

pectation f = E(f|G) satisfies [ f(w)g(w) dP = [ f(w)g(w) dP for any
g € L%(Q,G,P). In particular,

/fdp:/fdp
A A
for any A € g.

Proof. By construction, f — ]?J_ L£2(Q,G, P) so that
|=hgar=o

for any g € £L2(Q, G, P). In particular, for any A € G, set g = 14 to get the

equality
/fdP:/fgdP:/fgdP:/fdP.
A Q Q A

This is the defining property of the conditional expectation except that
f belongs to £2(Q2, S, P) rather than £!(Q, S, P). However, we can extend
the result to cover the L' case as we now show. First note that if f > ¢
almost surely, then f > §Aalmost surely. Indeed, by considering h = f — g,
it is enough to show that h > 0 almost surely whenever h > 0 almost surely.
But this follows directly from

/ﬁdpz/hdpzo
A A

forall A € G. (If B, = {E < —1/n} for n € N, then the inequalities
0 < [z hdP < —% P(B,) imply that P(B,) = 0. But then P(h < 0) =
lim,, P(B,) = 0.)
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Proposition 2.17. For f € LY(Q,S, P), there exists fe L£Y(Q,G, P) such

that
/AfdP:/AfdP

for any A € G. The function f is unique almost surely.

Proof. By writing f as f*— f—, it is enough to consider the case with f > 0
almost surely. For n € N, set fp(w) = f(w) An. Then 0 < f, < n almost
surely and so f, € £2(Q,S,P). Let ?; be any version of the conditional
expectation of f, with respect to G. Now, if n > m, then f, > f, and
so fn > fm almost surely. That is, there is some event B, € G with
P(Bpyn) = 0 and such that f, > f,, on B, (and P(BS,,) = 1). Let
B =U,,, Bmn- Then P(B) =0, P(B°) =1 and fn > fm on BC for all m,n
with m < n. Set -
() = {supn fa(lw), we B

0, w € B.

Then for any A € G,

/fndP:/fn1AdP:/};1AdP:/ﬁch1AdP
A Q Q Q

because P(B¢) = 1. The left hand side — [, f 14 dP by Lebesgue’s Domi-
nated Convergence Theorem. Applying Lebesgue’s Monotone Convergence
Theorem to the right hand side, we see that

/};1361Adp—>/f1Bc1AdP:/fdP
Q Q A

which gives the equality [ 4 [ dP = i) A fdP.
Taking A = Q, we see that f € L£Y(Q,G, P). .

Of course, the function f is called (a version of ) the conditional expecta-
tion E(f|G) and we have recovered our original construction as given via
the Radon-Nikodym Theorem.
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Chapter 3

Martingales

Let (2,8, P) be a probability space. We consider a sequence (F),cz+ of
sub-o-algebras of a fixed o-algebra F C S obeying

FoCF CFyC---CF.

Such a sequence is called a filtration (upward filtering). The intuitive idea is
to think of F,, as those events associated with outcomes of interest occurring
up to “time n”. Think of n as (discrete) time.

Definition 3.1. A martingale (with respect to (F,)) is a sequence (&) of
random variables such that

1. Each &, is integrable: F(|&,]) < oo for all n € ZT.
2. &, is measurable with respect to F,, (we say (&) is adapted).
3. E(&n+1| Fn) = &, almost surely, for all n € ZT.

Note that (1) is required in order for (3) to make sense. (The conditional
expectation F(£|G) is not defined unless ¢ is integrable.)

Remark 3.2. Suppose that (,) is a martingale. For any n > m, we have

E(&, | Fn) = E(E(&, | Fr-1) | Fim) almost surely, by the tower property
= E(&,—1| Fm) almost surely

= E(&mn+1 | Fm) almost surely

= §,,, almost surely.

That is,
E(&, | Fm) = &m almost surely

for all n > m. (This could have been taken as part of the definition.)
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Example 3.3. Let Xy, X1, Xo, ... be independent integrable random vari-
ables with mean zero. For each n € ZT let F,, = 0(Xy, X1,...,X,) and let
&n = Xo+ X1+ -+ X,. Evidently (&,) is adapted and

E(l¢n]) = E(| X0+ X1+ 4 X))
< E(|Xo]) + E(IX1]) + -+ + E(|Xal)
< o0

so that &, is integrable. Finally, we note that (almost surely)

E(§n+1 ’fN) = E(Xn-H +&n |‘7:n)

(Xnt1 [ Fn) + E(n | Fn)

(Xnt1) +&n

since &, is adapted and X, and F,, are independent

=&n

E
E

and so (§,) is a martingale.

Example 3.4. Let X € £(F) and let &, = E(X|F,). Then &, € LY (F,)
and

E(&nt1 | Fn) = E(E(X | Frng1) | Fn)
= E(X | F,) almost surely

= £, almost surely
so that (&,) is a martingale.
Proposition 3.5. For any martingale (&), E(&n) = E(&o)-

Proof. We note that F(X) = E(X|G), where G is the trivial o-algebra,
G ={Q,@}. Since G C F, for all n, we can apply the tower property to
deduce that

E(&n) = E(6n|9) = E(E(&n [ F0)|G) = E(&0|G) = E()
as required. "

Definition 3.6. The sequence Xg, X1, X2,... of random variables is said to
be a supermartingale with respect to the filtration (F,,) if the following three
conditions hold.

1. Each X, is integrable.
2. (X,) is adapted to (F,).

3. For each n € Z", X,, > E(X,41 | F,) almost surely.
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The sequence X, X1, ... is said to be a submartingale if both (1) and (2)
above hold and also the following inequalities hold.

3! For each n € Z", X,, < E(X,41 | Fn) almost surely.
Evidently, (X,,) is a submartingale if and only if (—X,) is a supermartingale.

Example 3.7. Let X = (X,,),cz+ be a supermartingale (with respect to a
given filtration (F,)) such that F(X,) = E(Xp) for all n € Z*. Then
X is a martingale. Indeed, let Y = X,, — E(X,,11|F,). Since (X)) is a
supermartingale, Y > 0 almost surely. Taking expectations, we find that
E(Y) = E(X,) — E(Xp+1) = 0, since E(X,11) = E(X,) = E(Xy). It
follows that Y = 0, almost surely, that is, (X,,) is a martingale.

Example 3.8. Let (Y},) be a sequence of independent random variables such
that Y, and e¥ are integrable for all n € Z* and such that E(Y,,) > 0. For
n € 7", let

Xn:exp(Yo+Y1—|—---—|-Yn).

Then (X,,) is a submartingale with respect to the filtration (F,) where
Fn=0Yo,...,Yy), the o-algebra generated by Yp, Y1,...,Y,.
To see this, we first show that each X, is integrable. We have

X’Vl — e(Y0++Yn) — eYO eYI . Yn .

. e

Each term e7 is integrable, by hypothesis, but why should the product be?
It is the independence of the Y;s which does the trick — indeed, we have
E(Xn> — E(e(Y0+"'+Yn))

= E(e¥0 e, M)

= E(eY) E(eM) ... E(eM),
by independence.
[Let f; = e¥i and for m € N, set f}n = f; A'm. Each me is bounded and
the fi"s are independent. Note also that each f; is non-negative. Then
E(f5r... ;M) =E§") E(f") ... E(f"), by independence. Letting m — oo
and applying Lebesgue’s Monotone Convergence Theorem, we deduce that
the product fp... f, is integrable (and its integral is given by the product

E(fo) .- E(fn))]

By construction, (X,,) is adapted. To verify the submartingale inequality,
we consider

E(Xpi1 | Fp) = B(eXoVit Yot 1y — B(X, ¥+ | F)
=X, E(eY”+1 | Fr), since X, is F,-measurable,
= X, E(e¥"+!), by independence,
> X, e?On+1) by Jensen’s inequality, (s — €® is convex)
> X, since E(Y,4+1) > 0.
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Proposition 3.9.

(i) Suppose that (X,) and (Y,,) are submartingales. Then (X, VYy) is
also a submartingale.

(ii) Suppose that (X,) and (Y,,) are supermartingales. Then (X, AY;)
is also a supermartingale.

Proof. (i) Set Z,, = X,, VY,. Then Z;, > X} and Zj > Y}, for all k and so
E(Zps1 | Fn) > E(Xpt1 | Fn) > X, almost surely

and similarly E(Z,41|F,) > E(Ynt1|Fn) > Y, almost surely. It follows
that E(Zy+1|Fn) > Z, almost surely, as required.

(If A = {E(Zot1|Fn) > Xn} and B = {E(Zuy1|Fn) > Yy}, then
ANB = {E(Zy+1|Fn) > Zn}. However, P(A) = P(B) = 1 and so
P(AnB)=1.)

(ii) Set U, = X,, A Yy, so that Uy < X and Uy < Y} for all k. It follows
that
EWUnps1 | Fn) < E(Xpt1|Fn) < X,,  almost surely

and similarly E(Up41 | Fpn) < E(Yp41 | Fn) <Y, almost surely. We conclude
that E(Xp+1 A Yoty | Fn) < X, AY,, almost surely, as required. "

Proposition 3.10. Suppose that (&,),ez+ is a martingale and &, € L* for
each n. Then (£2) is a submartingale.

Proof. The function ¢ : t — t? is convex and so by Jensen’s inequality
P(E(En+1]Fn)) < E(p(nt1) | Fn) almost surely.
——
én

That is,
¢2 < B(&,4|F,) almost surely

as required. "

Theorem 3.11 (Orthogonality of martingale increments). Suppose that (X,,)
is an L%-martingale with respect to the filtration (F,). Then

E(X,—X,nY)=0
whenever n > m and Y € L2(Fy). In particular,
E((Xy = Xj) (X = Xin)) =0

for any 0 < j <k <m < n. In other words, the increments (X — X;) and
(X, — X)) are orthogonal in L2.
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Proof. Note first that (X, — X,,,)Y is integrable. Next, using the “tower
property” and the F,,-measurability of Y, we see that

E((Xn - Xm) Y) = E(E((Xn - Xm)Y|~7:m))
= E(E((Xn _Xm|‘7'—m)y)
=0

since E(X,, — X | Fin) = X — Xin = 0.
The orthogonality of the martingale increments follows immediately by

taking Y = X, — X;. "
Gambling
It is customary to mention gambling. Consider a sequence 7,72,... of

random variables where 1, is thought of as the “winnings per unit stake” at
game play n. If a gambler places a unit stake at each game, then the total
winnings after n games is &, =n1 +n2 + -+ + M.

For n € N, let F,, = o(n1,...,m,) and set {§g = 0 and Fyp = {Q, @ }. To
say that (&,) is a martingale is to say that

E(&n+1 | Fn) = &, almost surely,

or
E(&n+1 —&n | Frn) = 0 almost surely.

We can interpret this as saying that knowing everything up to play n, we
expect the gain at the next play to be zero. We gain no advantage nor suffer
any disadvantage at play n + 1 simply because we have already played n
games. In other words, the game is “fair”.

On the other hand, if (§,) is a super martingale, then

&n > E(&nq1 | Frn) almost surely.

This can be interpreted as telling us that the knowledge of everything up to
(and including) game n suggests that our winnings after game n + 1 will be
less than the winnings after n games. It is an unfavourable game for us.

If (¢,) is a submartingale, then arguing as above, we conclude that the
game is in our favour.
Note that if (&,) is a martingale, then

E(&,) =E(&) (= E(&)) =0 in this case)
so the expected total winnings never changes.
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Definition 3.12. A stochastic process (o, )nen is said to be previsible (or
predictable) with respect to a filtration (F,) if o, is F,—i-measurable for
each n € N.

Note that one often extends the labelling to Z* and sets cg = 0, mainly for
notational convenience.

Using the gambling scenario, we might think of «v, as the number of stakes
bought at game n. Our choice for «, can be based on all events up to and
including game n— 1. The requirement that a,, be F,,_1-measurable is quite
reasonable and natural in this setting.

The total winnings after n games will be

Cn=01m + -+ apny .
However, &, =m + - 4+ nn = &n—1 + 7 and so
Gn=01(§1— &) taz(le— &)+ +an(én — &)
This can also be expressed as
Cnt1 = Gn + Wt 1Mt 1 = Go + ant1(En1 — &n) -

Example 3.13. For each k € Z*, let By, be a Borel subset of R¥*! and set

Qpr] = 17 if(n07n1a"'7nk)€Bk
* 0, otherwise.

Then agy1 is o(no,m,- .., N )-measurable. We have a “gaming strategy”.
One decides whether to play at game k+ 1 depending on the outcomes up to
and including game k, namely, whether the outcome belongs to Bj or not.

In the following discussion, let Fy = (€2, @) and set (y = 0.

Theorem 3.14. Let (av,) be a predictable process and as above, let ((,) be the
process (n = a1(§1 — &o) + -+ + an(&n — &n-1)-

(i) Suppose that (o) is bounded and that (&,) is a martingale. Then
(Cn) is a martingale.

(ii) Suppose that (o) is bounded, oy, > 0 and that the process (&) is
a supermartingale. Then ({,) is a supermartingale.

(iii) Suppose that (o) is bounded, oy, > 0 and that the process (&) is
a submartingale. Then () is a submartingale.
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Proof. First note that

[Cnl < laa (1€2] + [€0]) + - - + len] (I€a] + [€n—1])

and so (, is integrable because each & is and (o) is bounded.
Next, we have

E(Cn | fnfl) = E(gnfl + an(gn - gnfl) ‘fnfl)
= Cnfl + E(an(gn - gnfl) ‘fnfl)
= Cnfl + oy, E((gn - gnfl) |‘7:n71)

E(fn | j:n—1> —&n—1
@,

That is,
E(Cn | fnfl) - Cnfl =a,®,.

Now, in case (i), ®,, = 0 almost surely, so E((, | Fn-1) = (n—1 almost surely.

In case (ii), ®, < 0 almost surelyand therefore a, ®,, < 0 almost surely. It
follows that (,—1 > E((, | Fn—1) almost surely.

In case (iii), ®,, > 0 almost surely and so a,®, > 0 almost surely and
therefore ¢,,—1 < E((y | Frn—1) almost surely. .

Remarks 3.15.

1. This last result can be interpreted as saying that no matter what strategy
one adopts, it is not possible to make a fair game “unfair”, a favourable
game unfavourable or an unfavourable game favourable.

2. The formula

Cn = o1(§1— &) +02(fe — &)+ + an(én — &n—1)
is the martingale transform of £ by «. The general definition follows.

Definition 3.16. Given an adapted process X and a predictable process C,
the (martingale) transform of X by C' is the process C' - X with

(C-X)o=0
(C-X)n= Y Cr(Xy—X)

1<k<n
(which means that (C' - X),, — (C - X)p—1 = Cp(Xp, — Xp—1))-

We have seen that if C' is bounded and X is a martingale, then C' - X
is also a martingale. Moreover, if C > 0 almost surely, then C' - X is a
submartingale if X is and C - X is a supermartingale if X is.
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Stopping Times

A map 7:Q — Z* U{ oo} is said to be a stopping time (or a Markov time)
with respect to the filtration (F,,) if

{r<n}eF, foreachneZ".

One can think of this as saying that the information available by time n
should be sufficient to tell us whether something has “stopped by time n”or
not. For example, we should not need to be watching out for a company’s
profits in September if we only want to know whether it went bust in May.

Proposition 3.17. Let 7: Q — ZT U {00 }. Then 7 is a stopping time (with
respect to the filtration (Fy,)) if and only if

{r=n}eF, foreverynecZ.

Proof. If T is a stopping time, then {7 < n} € F, for all n € ZT. But
{r=0}={7<0} and

{r=n}={r<n}in{r<n-1}°
—_— ——
€Fn E€EFn-1CFn

for any n € N. Hence {7 =n} € F, foralln € Z™.

For the converse, suppose that {7 =n} € F, for all n € Z*. Then

{r<ny= | {r=k}.

0<k<n

Each event {7 = k} belongs to F;, C F,, if k¥ < n and therefore it follows
that {7 <n} e F,. .
Proposition 3.18. For any fized k € Z*, the constant time T(w) = k is a
stopping time.

Proof. If k > n, then {7 < n} = @ € F,. On the other hand, if £k < n,
then {7 <n}=0Q¢€ F,. .

Proposition 3.19. Let o and 7 be stopping times (with respect to (Fy)). Then
o+7,0VT and o AT are also stopping times.

Proof. Since o(w) > 0 and 7(w) > 0, we see that

{o+7=n}= |J {o=k}n{r=n—k}.

0<k<n

Hence {oc+T17<n} e F,.
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Next, we note that
{ovr<n}={o<n}n{r<n}eF,

and so o V 7 is a stopping time.

Finally, we have
{onT<n}={oAnT>n}={o>n}n{r>n})eF,
and therefore o A 7 is a stopping time. n

Definition 3.20. Let X be a process and 7 a stopping time. The process X
stopped by 7 is the process (X)) with

Xp(w) = Xryan(w)  for w € Q.
So if the outcome is w and say, 7(w) = 23, then X (w) is given by
XT(w)/\l(w)a XT(w)/\Q (w), v
= Xl(w), Xg(w), oo ,XQQ((,U), ng(w), ng(w), ng(w), ‘o

X, an is constant for n > 23. Of course, for another outcome w’, with
7(w') = 99 say, then X, ,, takes values

Xl(w’), Xg(w,>, e ,ng(w’), ng(w'), ng(w/), ng(w’), e

Proposition 3.21. If (X,,) is a martingale (resp., submartingale, supermartin-
gale), so is the stopped process (XT).

Proof. Firstly, we note that

Xi(w) ifr7(w)=Fkwithk<n

Xp(w) = Xrwyan(w) = {Xn(w) if 7(w) > n,

that is,
n
X7 =Y Xplpropy + Xnl{rcne.
k=0

Now, {7 =k} € Fr and {7 < n}° € F, and so it follows that X is
Fn-measurable. Furthermore, each term on the right hand side is integrable
and so we deduce that (X)) is adapted and integrable.
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Next, we see that

n+1

ni1 — Xy = Z Xk L=k + Xnr1 1irsnt1y
k=0

> Xilrmiy = Xn 1{rsn)
k=0

= Xot1 Lroni1y T Xt Lroniy — Xn 1yrony
= Xnt1 1{72n+1} — Xn 1{7’>'r7.}
= (Xn+1 - Xn) 1{72n+1} :
Taking the conditional expectation, the left hand side gives
E(X7 1 — X0 [ Fn) = E(X7 0 [ Fa) — X5
since X is adapted. The right hand side gives
E((XR—H - Xn) 1{72n+1} | Fn) = 1{72n+1} E((Xn—H - Xn) ‘j:n>
since 1{72n+1} € fn
= L{r>nt1y (E(Xpt1| Fn) — Xp)

=0, if (X)) is a martingale
>0, if (X,,) is a submartingale
<0, if (X,)is a supermartingale

and so it follows that (X)) is a martingale (respectively, submartingale,
supermartingale) if (X,,) is. n

Definition 3.22. Let (X},),,cz+ be an adapted process with respect to a given
filtration (F,) built on a probability space (€2, S, P) and let 7 be a stopping
time such that 7 < oo almost surely. The random variable stopped by 7 is
defined to be

X () Xrw(w), forwe{reZ"}
W)=
X, it 7 ¢ 7t

where X, is any arbitrary but fixed constant. Then X, really is a random
variable, that is, it is measurable with respect to S (in fact, it is measurable
with respect to o (lJ,, Fn)). To see this, let B be any Borel set in R. Then
(on {7 <0}

{X,eB}={X,eB}n [J{r=k}= | {X-eB}n{r=k})

keZ+ kezt

= LJ {)Ykéflg} S LJ F

keZ+ keZ+

which shows that X, is a bone fide random variable.
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Example 3.23 (Wald’s equation). Let (X);en be a sequence of independent
identically distributed random variables with finite expectation. For each
n €N, let S, = Xy + -+ X,,. Then clearly E(S,) =n E(Xy).
For n € N, let F,, = 0(X1, ..., X},) be the filtration generated by the X;s
and suppose that N is a bounded stopping time (with respect to (F,)).
We calculate

E(Sy) = E(S11{n=1} + S2l{n=2} +...)
= BE(Xalyy=1) + (X1 + X2)l{ n=2} +
+ (X1 + Xo+ X3)l =3y +...)
= E(Xalyn>1y + Xolynsoy + Xslynsgy + .- 0)
= FE(X191) + E(X2g2) + . ..

where g; = 1y n>j3. But Iyny>j) = 1 — 1 n;y and so (gy) is predictable
and, by independence,

E(Xjg;) = E(X;) E(gj) = E(X;) P(N 2 j) = B(X1) P(N = j)
since E(X;) = E(X;) for all j. Therefore

E(Sy) = E(X))(P(N >1)+ P(N >2)+ P(N >3)+...)

E(X)(P(N=1)+2P(N=2)+3P(N=3)+...)
= E(X1) E(N)

—_

— known as Wald’s equation.

Theorem 3.24 (Optional Stopping Theorem). Let (Xy,),cz+ be a martingale
and T a stopping time such that:

(1) 7 < oo almost surely (i.e., P(t € ZT) =1);

(2) X, is integrable;

(3) E(Xn1l{rsny) — 0 asn — .

Then E(X;) = E(Xy).

X; on{r<n}

Proof. We have X =
f A {Xn on{T>n}

and so

Xt = XT/\n + (XT - X‘I‘/\n)
= Xsan T+ (XT - X‘r/\n)(l‘rgn + 1T>n)
= Xran T (XT - Xn)17'>n .
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Taking expectations, we get
E(X7) = E(Xean) + E(X71{rony) — E(Xnl{rn}) (*)

But we know (X;xp) is a martingale and so E(X;an) = E(Xrn0) = E(Xo)
since 7(w) > 0 always.
The middle term in (x) gives (using 1{;—,} = 0 almost surely)

o0

B(Xrlirony) = Y, E(Xelr—gy)
k=n-+1

—0 asn— o

because, by (2),
= E(Xil{r=ky)
k=0

Finally, by hypothesis, we know that E(X,l{;>,}) — 0 and so letting
n — o0 in (%) gives the desired result. .

Remark 3.25. If X is a submartingale and the conditions (1), (2) and (3) of
the theorem hold, then we have

BE(X,) > E(Xo).

This follows just as for the case when X is a martingale except that one
now uses the inequality E (X an) > E(Xrn0) = E(Xp) in equation (x). In
particular, we note these conditions hold if 7 is a bounded stopping time.

Remark 3.26. We can recover Wald’s equation as a corollary. Indeed, let
X1, Xo, ... be asequence of independent identically distributed random vari-
ables with means E(X;) = pandlet Y; = X; —p. Let §, = Y1 +--- + Y.
Then we know that (&,) is a martingale with respect to the filtration (F,,)
where F,, = o(Xy,...,X,) = o(Y1,...,Y,). By the Theorem (but with
index set now N rather than Z1), we see that E((y) = E(&) = E(Y1) =0,
where N is a stopping time obeying the conditions of the theorem. If
Sn = X1+ -+ X,, then we see that &4 = Sy — N p and we conclude
that

E(Sn) = E(N)p = E(N) E(X1)

which is Wald’s equation.
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Lemma 3.27. Let (X,,) be a submartingale with respect to the filtration (Fy)

and suppose that T is a bounded stopping time with 7 < m where m € Z.
Then

E(Xn) > B(X,).

Proof. We have

E(Xm):Z/ Xy 1{,—jy dP
=079
:Z/ X dP

=0/ (=i}

Jj=0

:Z/ E(Xp | Fj)dP, since {r=j}€F;,
—o/{m=3}

> Z/ X;dP, since E(X,,|F;) > X; almost surely,
§=0 {m=35}
= B(X7)

as required. n

Theorem 3.28 (Doob’s Maximal Inequality). Suppose that (X,) is a non-
negative submartingale with respect to the filtration (Fy). Then, for any
m € Z* and \ > 0,

)\P(maXXk Z )\) S E(Xm 1{man<kaZ)\}) .
k<m =

Proof. Fix m € Z" and let X}, = maxp<m X
For A > 0, let

() min{k <m: Xg(w) > A}, if{k:k<mand Xp(w) >} #92
T(w) =
m, otherwise.

Then evidently 7 < n almost surely (and takes values in Z*). We shall show
that 7 is a stopping time. Indeed, for j <m

{r=5}={Xo<A}In{Xi<A}n---n{X;u1 <A}N{X; > A} eF
and

{r=m}={Xo<A}INn{Xi <A} nN{Xp1 <A} €eFp,
and so we see that 7 is a stopping time as claimed.
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Next, we note that by the Lemma (since 7 < m)
E(Xn,) > E(X;).

Now, set A ={X} > A}. Then
E(XT)—/XT dP + X dP.
A Ac

If X} > A, then there is some 0 < k < m with X3 > XA and 7 = kg < k in
this case. (7 is the minimum of such ks so Xy, > A.) Therefore

X, = Xg, > A

On the other hand, if X < A, then there is no j with 0 < j < m and
X; > A. Thus 7 = m, by construction. Hence

/deP—E( m) > B(X /X dP+ | X, dP
Q Ac

>APA)+ | X, dP.
Ac

A)g/deP
A

and the proof is complete. "

Rearranging, we find that

Corollary 3.29. Let (X,,) be an L?-martingale. Then

A2 P(max | Xy| > ) < E(X2)

for any X\ > 0.

Proof. Since (X,,) is an £?-martingale, it follows that the process (X?2) is a
submartingale (Proposition 3.10). Applying Doob’s Maximal Inequality to
the submartingale (X2) (and with A\? rather than \), we get

M P(max X2 > \?) < / X2 dp
{maxy<p, X2>X2}

k<m
/ X2 apP

A2 P(max| Xl > ) < B(X2,)

that is,

as required. -
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Proposition 3.30. Suppose that X >0 and X? is integrable. Then
[ee]
E(X?) :2/ tP(X >1t)dt.
0

Proof. For z > 0, we can write

x2:2/ tdt
0
0

Setting z = X (w), we get

X(w)2 = 2/ t 1X(w)2t dt
0
so that
BE(X?) = / t E(1x>) dt
0

= / tP(X >1t)dt.
0

Theorem 3.31 (Doob’s Maximal £2-inequality). Let (X,,) be a non-negative
L2-submartingale. Then

E((X)?) <4B(X3)
where X, = maxy<, Xi. In alternative notation,
1 X7 ll2 < 2[| X2

Proof. Using the proposition, we find that

1X5 15 = E((X5)?)

((
0

8

IN

2/ E(Xy 1 x:>¢y) dt, by the Maximal Inequality,
0

2/ (/ XndP> dt
o \J{xz=t}

X5
= 2/ X5 </ dt> dP, by Tonelli’s Theorem,
Q 0

zz/Xan;dP
Q
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=2 E(Xn X;)
< 2[[Xnll2 | X5ll2, by Schwarz’ inequality.

It follows that
| X5 ll2 < 2[ Xy l2

or

E((X;)?) <4B(X7)

and the proof is complete. "

Doob’s Up-crossing inequality

We wish to discuss convergence properties of martingales and an important
first result in this connection is Doob’s so-called up-crossing inequality. By
way of motivation, consider a sequence (x,) of real numbers. If 2, — « as
n — 00, then for any € > 0, z,, is eventually inside the interval (« —e, a+¢).
In particular, for any a < b, there can be only a finite number of pairs
(n,n+k) for which z,, < a and x4 > b. In other words, the graph of points
(n,x,) can only cross the semi-infinite strip { (z,y) : * >0, a <y < b}
finitely-many times. We look at such crossings for processes (X,).

Consider a process (X,,) with respect to the filtration (F,). Fix a < b.
Now fix w € Q and consider the sequence Xy(w), X1(w), Xa2(w), ... (although
the value of Xo(w) will play no réle here). We wish to count the number of
times the path (X, (w)) crosses the band { (z,y) : a <y < b} from below a
to above b. Such a crossing is called an up-crossing of [a, b] by (X, (w)).

X7 (w)
Xlg(w)

/™
Nl AN/
\/ XD(/w) Xw\z)/

Xd(w)

Figure 3.1: Up-crossings of [a,b] by (X, (w)).

In the example in the figure 3.1, the path sequences X3(w), ..., X7(w) and
X11(w), X12(w), X13(w) each constitute an up-crossing. The path sequence
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X16(w), X17(w), X18(w), X19(w) forms a partial up-crossing (which, in fact,
will never be completed if X,,(w) < b remains valid for all n > 16).

As an aid to counting such up-crossings, we introduce the process (g, )nen
defined as follows:

1, if Xj(w)<a

0, otherwise

g1(w) =0
92(w) {
1, if go(w) =0 and X3 (w) < a
g3(w) =<1, if go(w) =1 and Xy(w) <b
0, otherwise

1, if gp(w) =0 and X, (w) < a
gnt1(w) =41, if gy(w)=1and X, (w) <b

0, otherwise.

We see that g, = 1 when an up-crossing is in progress. Fix m and consider
the sum (up to time m) (— the transform of X by ¢ at time m)

> gi(w) (Xj(w) — Xj_1(w))
j=1

= g1(w) (X1 (w) = Xo(@) ) + -+ + gm(w) (X (@) = X1 (w) ). (%)

The g;s take the values 1 or 0 depending on whether an up-crossing is in
progress or not. Indeed, if

gr(w) =0, g = =gs(w)=1 grst1(w) =0,
then the path X, (w),..., X,ts(w) forms an up-crossing of [a, b] and we see
that
r+s r+s
> 9i@)(XGW) = Xjaw) = D (X(w) = Xjma(w)
j=r+1 j=r+1
= Xrts(w) — Xi(w)
>b—a

because X, < a and X,;¢ > b.

Let Up,[a, b](w) denote the number of completed up-crossings of (X, (w)) up
to time m. If gj(w) = 0 for each 1 < j < m, then the sum (%) is zero. If not
all g; s are zero, we can say that the path has made Uyy,[a, b](w) up-crossings
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(which may be zero) followed possibly by a partial up-crossing (which will
be the case if and only if g (w) = gm+1(w) = 1). Hence we may estimate

(x) by
> giw) (Xj(w) = Xj1(w)) = Unla, b(w)(b—a) + R
j=1

where R = 0 if there is no residual partial up-crossing but otherwise is given
by

R= Zgj(w) (Xj(w) = Xj—1(w))
j=k

where k is the largest integer for which g;j(w) =1 for all k < j <m+1 and
gk—1 = 0. This means that Xj_(w) < a and X;(w) < b for k < j < m.
The sequence Xj_;1(w) < a, Xp(w) < b,..., Xpm(w) < b forms the partial
up-crossing at the end of the path Xo(w), X1(w),..., Xm(w). Since we have
gk (w) =+ = gm(w) = 1, we see that

R=Xp(w)— Xp_1(w) > Xp(w) —a

where the inequality follows because gr(w) = 1 and so Xj;_1(w) < a, by
construction. Now, any real-valued function f can be written as f = f*—f~
where f* are the positive and negative parts of f, defined by f* = %(]ﬂ:i:f).
Evidently f* > 0. The inequality f > —f~ allows us to estimate R by

R>—(X; —a) (w)

which is valid also when there is no partial up-crossing (so R = 0).

Putting all this together, we obtain the estimate
m
> 95 (X = Xjm1) 2 Unla,bl(b— a) = (Xim —a)” (+%)
j=1

on 2.

Proposition 3.32. The process (gy) is predictable.

Proof. Tt is clear that g; is Fo-measurable. Furthermore, g2 = 1{x,<4)
and so go is Fi-measurable. For the general case, let us suppose that g,, is
Fm—1-measurable. Then

gm+1 = 1{gm:0 }m{ X7n<a} + 1{g'm:1 }m{ X’mgb}

which is F,,-measurable. By induction, it follows that (g, )nen is predictable,
as required. "
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Theorem 3.33. For any supermartingale (X,,), we have
(b—a) E(Upla,b]) < E(Xym —a)7).

Proof. The non-negative, bounded process (g,) is predictable and so the
martingale transform ((g - X),) is a supermartingale. The estimate (xx)
becomes

(g X)m = (b—a)Unla,b] — (Xm —a)”
Taking expectations, we obtain the inequality
E((g-X)m) = (b—a) E(Unla,b]) — E(Xm —a)” ).

But E((9-X)m) < E(g-X)1) since ((¢- X)) is a supermartingale, and
(9 - X)1 =0, by construction, so we may say that

0> (b—a)E(Upla,b]) — E(Xm —a)”)
and the result follows. n

Lemma 3.34. Suppose that (fy) is a sequence of random variables such that
fn =0, fu 1 and such that E(f,) < K for alln. Then

P(lim f,, < o0) =1.

Proof. Set g, = fn Am. Then g, T and 0 < g, < m for all n. It follows that
g = lim,, g,, exists and obeys 0 < g < m. Let B={w: f(w) — co}. Then
g =m on B (because f,(w) is eventually > m if w € B). Now

0<gn < fo = E(gn) <E(fn) <K.

By Lebesgue’s Monotone Convergence Theorem, E(gy,) T E(g) and therefore
E(g) < K. Hence
mP(B) < E(g) < K.

This holds for any m and so it follows that P(B) = 0. .

Theorem 3.35 (Doob’s Martingale Convergence Theorem). Let (X,,) be a
supermartingale such that E(X,) < M for all n € Z*. Then there is an
integrable random variable X such that X, — X almost surely as n — oo.

Proof. We have seen that

E((Xn—a)”)
b—a

for any a < b. However,

(Xn —a)” =5 (| X0 — a = (Xn — a))
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and so, by hypothesis,

E((Xn —a)”) < E|X,| +a]

<M + |a]
giving
< M + |al
~ b—a
for any n € Z*. However, by its very construction, Uy[a,b] < Uy,+1]a, b] and

M
so lim,, E(Uyla,b]) exists and obeys lim, E(U,[a,b]) < i |a]. By the
—a

lemma, it follows that Up,[a,b] converges almost surely (to a finite value).
Let A =) a<p {limy, Uyla,b] < co}. Then A is a countable intersection
a,beQ

E(Uy[a,b])

of sets of probébility 1 and so P(A4) = 1.

Claim: (X,,) converges almost surely.
For, if not, then

B = {liminf X,, < limsup X,, } C Q2

would have positive probability. For any w € B, there exist a,b € Q with
a < b such that

liminf X, (w) < a < b < limsup X, (w)

which means that lim,, Uy,|a, b](w) = oo (because (X, (w)) would cross [a, b]

infinitely-many times). Hence BN A = & which means that B C A€ and so

P(B) < P(B¢) = 0. It follows that X,, converges almost surely as claimed.
Denote this limit by X, with X (w) =0 for w ¢ A. Then

E(1X])= E(liéninf | X0n])
< ligbn inf E(|X,|, by Fatou’s Lemma,
<M
and the proof is complete. "

Corollary 3.36. Let (X,,) be a positive supermartingale. Then there is some
X € Ly such that X,, — X almost surely.

Proof. Since X,, > 0 almost surely (and is a supermartingale), it follows
that
0 < E(X,) < E(Xp)

and so (F(X,)) is bounded. Now apply the theorem. n

Remark 3.37. These results also hold for martingales and submartingales
(because (—X,,) is a supermartingale whenever (X,,) is a submartingale).
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Remark 3.38. The supermartingale (X,,) is £!-bounded if and only if the
process (X, ) is, that is

sup E(|X,|) < 00 <= sup E(X,,) < 0.
n n

We can see this as follows. Since E(X, ) < E(X,/ + X,;) = E(|X,]), we
see immediately that if F(|X,|) < M for all n, then also F(X, ) < M

for all n. Conversely, suppose there is some positive constant M such that
E(X, ) < M for all n. Then

E(IX.)) = BOX; + X;) = B(X,) + 2 E(X;) < B(Xo) +2M

and so (X,,) is £'-bounded. (E(X,) < E(Xg) because (X,,) is a super-
martingale.)

Remark 3.39. Note that the theorem gives convergence almost surely. In
general, almost sure convergence does not necessarily imply £' convergence.
For example, suppose that Y has a uniform distribution on (0, 1) and for each
n € Nlet X, = nl{yy/n). Then X;, — 0 almost surely but [|X,[; =1
for all n and so it is false that X,, — 0 in £!. However, under an extra
condition, £ convergence is assured.

Definition 3.40. The collection { Y, : @ € I } of integrable random variables
labeled by some index set [ is said to be uniformly integrable if for any given
€ > 0 there is some M > 0 such that

E(|Yall{yasmy) = / Y, | dP < e
{|Ya|>M}

for all « € I.

Remark 3.41. Note that any uniformly integrable family {Y, : o € T} is
L-bounded. Indeed, by definition, for any € > 0 there is M such that
f{IYa\>M} |Ya| dP < ¢ for all a. But then

/|Ya|dP:/ A dP+/ Yol dP < M+
0 [val<ar) [Val>M)

for all a € 1.
Before proceeding, we shall establish the following result.

Lemma 3.42. Let X € L'. Then for any ¢ > 0 there is § > 0 such that if A
is any event with P(A) < 6 then [, |X]dP <e.

Proof. Set § = |X| and for n € N let &, = { 11¢<py. Then &, — & almost
surely and by Lebesgue’s Monotone Convergence Theorem

/{£>n}5dP:/Q§(1—l{5§n})dP:/dip_/andP_)O
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as n — 00. Let € > 0 be given and let n be so large that f{£>n}£ dP < %5.
For any event A, we have

/fdP:/ gdp+/ £dp
A An{e<n} An{e>n}

g/ndP—l—/ &dP
A {&>n}
<nP(A)+ 3¢

<e€
whenever P(A) < ¢ where § = ¢/2n. .

Theorem 3.43 (L!-convergence Theorem). Suppose that (X,,) is a uniformly
integrable supermartingale. Then there is an integrable random variable X
such that X, — X in L.

Proof. By hypothesis, the family { X,, : n € Z* } is uniformly integrable
and we know that X,, converges almost surely to some X € £!. We shall
show that these two facts imply that X,, — X in £!. Let ¢ > 0 be given.
We estimate

1%, — X1 =/ X, — X| dP
QO

:/ |Xn—X|dP+/ X, — X| dP
{|Xnl<M} {1Xnl>M}
s/ X, — X| dP

{|Xnl<M}

+/ | X dP+/ |X|dP.
{|Xn|>M} {|Xn|>M}

We shall consider separately the three terms on the right hand side.
By the hypothesis of uniform integrability, we may say that the second
term f{ X, >0} | Xn| dP < for all sufficiently large M.

As for the third term, the integrability of X means that there is § > 0
such that [, |X| dP < e whenever P(A) < d. Now we note that (provided
M >1)

for large enough M, by uniform integrability. Hence, for all sufficiently
large M,
/ |X|dP < ¢.
{1Xn|>M}
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Finally, we consider the first term. Fix M > 0 so that the above bounds
on the second and third terms hold. The random variable 1 x, < 1| Xn—X]|
is bounded by the integrable random variable M + | X | and so it follows from
Lebesgue’s Dominated Convergence Theorem that

/ X, — X]| dP:/l{XnSM}|Xn—X| dP — 0
{1Xn| <M } Q

as n — oo and the result follows. "

Proposition 3.44. Let (X,,) be a martingale with respect to the filtration (F,)
such that X, — X in L. Then, for each n, X, = E(X | F,) almost surely.

Proof. The conditional expectation is a contraction on £, that is,
IE(X [ Fm)llr < 1X]1
for any X € F!. Therefore, for fixed m,
[E(X = X | Fn)llh < [ X = Xnllh =0
as n — oo. But the martingale property implies that for any n > m
EX —-X,|Fn) =EX|Fn) — EX,|Fn) =EX|Fn) — Xn

which does not depend on n. It follows that ||E(X | F,) — Xl = 0 and
so B(X | Fin) = Xy almost surely. .

Theorem 3.45 (L2-martingale Convergence Theorem). Suppose that (X,,) is
an L'-martingale such that E(X2) < K for all n. Then there is X € L*
such that

(1) X, — X almost surely,
(2) E((X - X,)?) —0.
In other words, X, — X almost surely and also in L£>.

Proof. Since || X,|[1 < || Xnl|2, it follows that (X,,) is a bounded £!-martingale
and so there is some X € £! such that X,, — X almost surely. We must
show that X € £2 and that X,, — X in £2. We have

[ X5 — XOH% = E((Xn — XO)Q)
=E() (Xp— Xipo1) D (X —Xj-1))
k=1 J

=1

= Z E((Xy — Xk,l)z) , by orthogonality of increments.
k=1
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However, by the martingale property,
E((Xn — X0)?) = E(X}) - B(X3) < K

and so Yp_; E((Xy — Xp—1)?) increases with n but is bounded, and so
must converge.
Let £ > 0 be given. Then (as above)

E((Xp—Xm)®)= > E((X)—Xp1)?) <e
k=m+1

for all sufficiently large m,n. Letting n — oo and applying Fatou’s Lemma,
we get

B((X —X,)%) = E(limi%f(Xn — Xm)?)
< lim igf E((Xn — Xn)?)

<e

for all sufficiently large m. Hence X — X,, € £? andso X € £2 and X,, — X
in £2, as required. =

Doob-Meyer Decomposition

The (continuous time formulation of the) following decomposition is a crucial
idea in the abstract development of stochastic integration.

Theorem 3.46. Suppose that (X,,) is an adapted L' process. Then (X,) has
the decomposition

X=Xo+M+A

where (M) is a martingale, null at 0, and (Ay) is a predictable process, null
at 0. Such a decomposition is unique, that is, if also X = Xo+ M' + A,
then M = M’ almost surely and A = A’ almost surely.

Furthermore, if X is a supermartingale, then A is increasing.
Proof. We define the process (A,) by

Ap=0
Ap=Ap1+ E(Xn - Xn ’fn—l) .

Evidently, A is null at 0 and A,, is F,,_1-measurable, so (4,,) is predictable.
Furthermore, we see (by induction) that A, is integrable.
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Now, from the construction of A, we find that

E((Xn _An) |‘7:n71) = E(Xn‘]:nfl)
- E(Anfl |Fn71) - E((Xn _anl)|fnfl)

= Ap—-1— An—l a.s.

which means that (X,, — 4,,) is an £!-martingale. Let M,, = (X,,— 4,,) — Xo.
Then M is a martingale, M is null at 0 and we have the Doob decomposition

X=Xo+M+A.
To establish uniqueness, suppose that
X=Xo+M+A =Xo+M+A.
Then

E(Xn - anl |-7:n71) — E((Mn +An) - (Mnfl + Anfl ) |]:n71)
=A,—A,_1 as.

since M is a martingale and A is predictable. Similarly,
E(Xp, — Xpo1|Fno1) = Al — Al as.
and so
Ay —Ap1=A, —A,_, as.

Now, both A and A’ are null at 0 and so A9 = A, (= 0) almost surely and
therefore
A = /1+(A0—A6) == 0 A1:A/1 a.s.
——

=0a.s.

Continuing in this way, we see that A, = A/, a.s. for each n. It follows that
there is some A C Q with P(A) =1 and such that A, (w) = A}, (w) for all n
for all w € A. However, M = X — Xy — A and M' = X — Xy — A" and so
M, (w) = M (w) for all n for all w € A, that is M = M’ almost surely.

Now suppose that X = Xo+M -+ A is a submartingale. Then A = X—M—X,
is also a submartingale so, since A is predictable,

An = E(An ’fnfl) Z An,1 a.s.

Once again, it follows that there is some A C Q with P(A) = 1 and such
that
Ap(w) > Ap_1(w)

for all n and all w € A, that is, A is increasing almost surely. "
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Remark 3.47. Note that if A is any predictable, increasing, integrable process,
then F(A, | Fn—1) = An > An—1 so A is a submartingale. It follows that if
X = Xg+ M + A is the Doob decomposition of X and if the predictable
part A is increasing, then X must be a submartingale (because M is a
martingale).

Corollary 3.48. Let X be an L?-martingale. Then X? has decomposition
X?=X3+M+A

where M is an L'-martingale, null at 0 and A is an increasing, predictable
process, null at 0.

Proof. We simply note that X2 is a submartingale and apply the theorem. =

Definition 3.49. The almost surely increasing (and null at 0) process A is
called the quadratic variation of the £?-process X.

The following result is an application of a Monotone Class argument.

Proposition 3.50 (Lévy’s Upward Theorem). Let (F,,),cz+ be a filtration
on a probability space (Q,S,P). Set Foo = o (U, Fn) and let X € L2 be
Foo-measurable. Forn € Z%, let X,, = E(X |F,). Then X,, — X almost
surely.

Proof. The family (X,) is an £2-martingale with respect to the filtration
(F») and so the Martingale Convergence Theorem (applied to the filtered
probability space (2, Fuo, P, (Fy))) tells us that there is some Y € £2(Fy)
such that X,, — Y almost surely, and also X,, — Y in £?(F,). We shall
show that Y = X almost surely.

For any n € Z* and any B € F,,, we have

/XndP:/E(XUEn)dP:/XdP.
B B B

On the other hand,

‘/ XndP—/YdP’:’/1B(Xn—Y)dP‘§HXn—Y|]2.
B B Q

by the Cauchy-Schwarz inequality. Since || X, — Y|2 — 0, we must have the
equality [5(X —Y) dP =0 for any B € J,, F.
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Let M denote the subset of Fo, given
M:{BE}"OO:/(X—Y)szo}.
B

We claim that M is a monotone class. Indeed, suppose that By C By C ...
is an increasing sequence in M. Then 1p, T 1p, where B = |J,, B,. The
function X —Y is integrable and so we may appeal to Lebesgue’s Dominated
Convergence Theorem to deduce that

0:/3 (X—Y)dP:/Qan(X—Y)dP
—>/QlB(X—Y)dP:/B(X—Y)dP

which proves the claim. Now, |J,, 7 is an algebra and belongs to M. By
the Monotone Class Theorem, M contains the o-algebra generated by this
algebra, namely F,. But then we are done, fB (X-Y) dP for every B € F,
and so we must have X =Y almost surely. "

Remark 3.51. This result is also valid in £!. In fact, if X € £}(F) then
(E(X | F,)) is uniformly integrable and the Martingale Convergence The-
orem applies. X,, converges almost surely and also in £! to some Y. An
analogous proof shows that X =Y almost surely.

In the £? case, one would expect the result to be true on the following
grounds. The subspaces £2(F,) increase and would seem to “exhaust” the
space L2(Fx). The projections P, from £2(F,) onto £2(F,) should there-
fore increase to the identity operator, P,g — g for any g € £L?(Fs). But
X, = P, X, so we would expect X,, — X. Of course, to work this argument
through would bring us back to the start.
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Chapter 4

Stochastic integration - informally

We suppose that we are given a probability space (2, S, P) together with a
filtration (Ft)ier+ of sub-o-algebras indexed by RT = [0,00) (so Fs C Fy if
s < t). (Recall that our notation A C B means that AN B® = @ so that
Fs = F is permissible here.) Just as for a discrete index, one can define
martingales etc.

Definition 4.1. The process (X;);er+ is adapted with respect to the filtration
(Ft)ier+ if Xt is Fr-measurable for each t € R,

The adapted process (X;);cr+ is a martingale with respect to the filtration
(Ft)ier+ if Xt is integrable for each t € Rt and if

E(X:|Fs) = X5 almost surely for any s < ¢.

Supermartingales indexed by R™ are defined as above but with the inequality
E(X:|Fs) < X, almost surely for any s < t instead of equality above. A
process is a submartingale if its negative is a supermartingale.

Remark 4.2. If (X;) is an £?-martingale, then (X?) is a submartingale. The
proof of this is just as for a discrete index, as in Proposition 3.10.

Remark 4.3. It must be stressed that although it may at first appear quite
innocuous, the change from a discrete index to a continuous one is anything
but. There are enormous technical complications involved in the theory with
a continuous index. Indeed, one might immediately anticipate measure-
theoretic difficulties simply because R is not countable.

Remark 4.4. Stochastic processes (X,,) and (Y},), indexed by Z", are said to
be indistinguishable if

P(X, =Y, forall n) = 1.

The process (Y},),ez+ is said to be a version (or a modification) of (X,,),cz+
if X,, =Y, almost surely for every n € ZT.
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If (Y,,) is a version of (X,,) then (X,) and (Y,) are indistinguishable.
Indeed, for each k € Z7, let Ay = { X = Y }. We know that P(Ag) = 1,
since (Y;,) is a version of (X,,), by hypothesis. But then

P(X, =Y, forallneZ") =P(N,A4,) = 1.

WARNING: the extension of these definitions to processes indexed by R* is
clear, but the above implication can be false in the situation of continuous
time, as the following example shows.

Example 4.5. Let Q@ = [0, 1] equipped with the Borel o-algebra and the
probability measure P determined by (Lebesgue measure) P([a,b]) =b—a
for any 0 <a <b<1. Forte€R", let X;(w) =0 for all w € Q = [0,1] and

let
0, w#t
Yi(w) =
tw) {17 w=1t.

Fix t € RT. Then X;(w) = Yy(w) unless w = t. Hence { X; = Y; } = Q\ {¢}
or © depending on whether ¢t € [0,1] or not. So P(X; = Y;) = 1. On the
other hand, { X; =Y, for all t € R™ } = & and so we have

P(X;=Y;) =1, for each t € RT,
P(X;=Y; forallt c RT) =0,

which is to say that (Y;) is a version of (X;) but these processes are far from
indistinguishable.

Note also that the path ¢ — X;(w) is constant for every w, whereas for
every w, the path ¢t — Y;(w) has a jump at ¢t = w. So the paths ¢t — X;(w) are
continuous almost surely, whereas with probability one, no path ¢ — Y;(w)
is continuous.

Example 4.6. A filtration (G;);cr+ of sub-o-algebras of a o-algebra S is said
to be right-continuous if G; = (-, G, for any ¢ € Rt.

For any given filtration (F}), set G; = ()5, Fs. Fix ¢ > 0 and suppose
that A € ﬂs>t Gs. For any r > t, choose s with ¢t < s < r. Then we see that
A € Gy =(),>s Fv and, in particular, A € ;. Hence A € (,-, F» = G; and
50 (Gt)ier+ is right-continuous.

r>t

Remark 4.7. Let (X;);cp+ be a process indexed by R*. Then one might be
interested in the process given by Y; = sup,«, X; for t € R*. Even though
each X; is a random variable, it is not at all clear that Y, is measurable.
However, suppose that ¢ — X; is almost surely continuous and let £y C Q2
be such that P(Qy) = 1 and ¢ — X;(w) is continuous for each w € €. Then
we can define

Yi(w) = supg<; X¢(w), for w € Qo,
0, otherwise.
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Claim: Y; is measurable.

Proof of claim. Suppose that ¢ : [a,b] — R is a continuous function. If
D ={tog,t1,...,tp } with a =ty < t; < --- < tx = b is a partition of [a, b],
let maxp ¢ denote max{ p(t) :t € D }. Let

Dy={a=t{" <t <... <™ —p}

be a sequence of partitions of [a, b] such that mesh(D,,) — 0, where mesh(D)
is given by mesh(D) = max{t;j;1 —t; :t; € D }.

Then it follows that sup{¢(s) : s € [a,b]} = lim, maxp, ¢. This is
because a continuous function ¢ on a closed interval [a,b] is uniformly
continuous there and so for any € > 0, there is some d > 0 such that
lo(t) — ¢(s)| < € whenever |t — s| < §. Suppose then that n is sufficiently
large that mesh(D,) < 0. Then for any s € [a,b], there is some t; € D,,
such that |s — ¢;| < 6. This means that |p(s) — ¢(t;)| < . It follows that

maxp, ¢ <sup{¢(s):s € [a,b] } <maxp, p+e¢

and so sup{ ¢(s) : s € [a,b] } = lim, maxp, ¢.
Now fix t > 0,set a =0, b =1, fix w € Q and let p(s) = 1o, (w) Xs(w).
Evidently s +— ¢(s) is continuous on [0, ¢] and so

Yi(w) =sup{p(s):s€[0,t]} = liqun maxp, ¢

as above. But for each n, w — maxp, 6 ¢ = max{Xy(w) : t € D, } is
measurable and so the pointwise limit w — Y;(w) is measurable, which
completes the proof of the claim. n

Example 4.8 (Doob’s Maximal Inequality). Suppose now that (X;) is a non-
negative submartingale with respect to a filtration (F;) such that Fy contains
all sets of probability zero. Then Qg € Fj and so the process (&) = (1o, Xt)
is also a non-negative submartingale. Fix ¢t > 0 and n € N. For 0 < 5 < 27,
let t; = tj/2". Set n; = &, and G; = Fy, for j < 2" and n; = n; and G; = F;
for j > 2". Then (7n;) is a discrete parameter non-negative submartingale
with respect to the filtration (G;). According to the discussion above,

Y; = sup&s; = limmaxn; = supmaxn,
&5 = i gy = Sup A

on ). Now, by adjusting the inequalities in the proof of Doob’s Maximal
inequality, Theorem 3.28, we see that the result is also valid if the inequality
maxy Xg > A is replaced by maxy X > X on both sides and so

AP(manSQTLT]j > )‘) < E( nan 1{max]~§2n N>} ) :
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Since non = Xy, we may say that

But maxj<onn; <Y; and maxj<onn; — Y; on Q as n — oo and therefore
1{maxj<2n n;>A} — Liyvi>ay- Hence, letting n — oo, we find that

AE(Liysay) S BE(Xelpy,say) ()

Replacing A by A, in (*) where now A, | A > 0 and letting n — oo, we
obtain

AE(Liy,>ay) S BE(Xiliy,>ay )
a continuous version of Doob’s Maximal inequality.
Similarly, we can obtain a version of Corollary 3.29 for continuous time.

Suppose that (X¢);cgr+ is an £2 martingale such that the map t — X;(w) is
almost surely continuous. Then for any A > 0

P(sup|Xs| > A) <
s<t

1
= Il

Proof. Let (D,) be the sequence of partitions of [0,t¢] as above and let
fn(w) = maxj<on [{j(w)]. Then f, — f = sup,<;|X;| almost surely and
since f, < f almost surely, it follows that 1{;n>#} — 1yy>,y almost
surely. By Lebesgue’s Dominated Convergence Theorem, it follows that

E(l{fn>,u}) — E(l{f>#}), that is, P(f, > pu) — P(f > p).
Let p < A. Applying Doob’s maximal inequality, corollary 3.29, for the

discrete-time filtration (Fs) with s € {0 =t§,t7,...,tp, =1}, we get

1
P(fa>p) S P(fnzn) < 05 1213
Letting n — oo, gives

WP(f>n) < X3 (%)

For j € N, let u; T X and set Aj = {f > p;}. Then A; | { f > A} so that
P(Aj) | P(f > X). Replacing p in (*) by p; and letting j — oo, we get the
inequality

NP(f=X) < [1Xi3

as required. "
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Stochastic integration — first steps

We wish to try to perform some kind of abstract integration with respect to
martingales. It is usually straightforward to integrate step functions, so we
shall try to do that here. First, we recall that if Z is a random variable, then
its (cumulative) distribution function F' is defined to be F(t) = P(Z < t)
and we have

Pla<Z<b)=P(Z<b)—P(Z<a)=Fb) - Fl(a).

This can be written as E(1{,<z<p}) = F(b) — F'(a) or as

/_ T Loy (s) dF(s) = F(b) — F(a).

Notice that step-functions of the form 1,4 (left-continuous) appear quite
naturally here.

Now, suppose that (X;);cr+ is a square-integrable martingale (that is,
X, € L2 for each t). We want to set-up something like fOT f dX; so we begin
with integrands which are step-functions.

Definition 4.9. A process g : R™ x 0 — R is said to be elementary if it has
the form

g(s,w) = h(w) 1(a,b](3)
for some 0 < a < b and some bounded random variable h(w) which is Fg-

measurable. Note that g is piecewise-constant in s (and continuous from the
left).

The stochastic integral fOT g dX of the elementary process g with respect
the £2-martingale (X;) is defined to be the random variable

T T
/ g dX = / h 1(a,b](3) dXS
0 0

h(Xy—Xa), ifT>b
=qh(Xr—X,), ifa<T <b
0, if T <a.

Proposition 4.10. For a fized elementary process g, the family (fgng)t€R+
is an L2-martingale.

Proof. Suppose that g = h 1, and let

t
Y, =/ 9dX = h (Xyn — Xant) -
0

Now, if t > a, then h is Fy-measurable and so is Xyp; — Xgne. Since Y; = 0
for t < a, we see that (Y;) is adapted. Furthermore, since h is bounded, it
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follows that Y; € £2 for each t € RT. To show that Y; is a martingale, let
0 < s <t and consider three cases.

Case 1. s <a.

Using the tower property | Fs) = E(E(-| Fa) | Fs), we find that

E(:
E(Yi | Fs) = E(h (Xinp — Xina) | Fs)
= E(E(h (Xinp — Xina) | Fa) | Fs)
E(h E((Xinb — Xt/\a) | Fa) Fs|) a.s.

=0 since (Xt) is a martingale

But s < a implies that Y5 = h (Xsap — Xsna) = 0 and so
E(Y: | Fs) =0 =Y, almost surely.

Case 2. a < s <hb.

We have
E(Y | Fs) = E(h (Xenp — Xa) | Fs)
=hE(Xinp — Xa) | Fs)  as.
=h (Xt/\b/\s — Xa) a.S.
=h (Xs/\b - XsAa)
pu— .Ys .
Case 3. b < s.
We find
E(Y|Fs) = E(h(Xp — Xa) | Fs)
=hE(Xy— Xa)|Fs) as.
=h(Xp— X,) as.
=h (Xs/\b - Xs/\a)
~Y,
and the proof is complete. "

Notation Let £ denote the real linear span of the set of elementary processes.
So any element h € £ has the form

Zgz al, i)

for some n, pairs a; < b; and bounded random variables g; where each g; is
Fa,-measurable. Notice that h(w,0) = 0. In fact, we are not interested in
the value of h at s = 0 as far as integration is concerned. We could have
included random variables of the form go(w)1;}(s) in the construction of &,
where gg is Fp-measurable, but such elements play no role.
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Definition 4.11. For h = )" | 9il(a;p;) € € and T' > 0, the stochastic integral
fOT h dX is defined to be the random variable

T n T n
/ hdX = Z/ h; dX = Zgi (X1rb, — XTras)
0 i=1"0 i=1

where hl = gil(ai,bi]'

Remark 4.12. It is crucial to note that the stochastic integral is a sum of
terms ¢;(X7ap, — X1nq,) Where g; is F,,-measurable and b; > a;. The
“increment” (X7ap, — X7nq;) “points to the future”. This will play a central
role in the development of the theory.

Proposition 4.13. For h € £, the process (f(;5 gdX)icr+) is an L2-martingale.

Proof. If h =737 | h;, where each h; is elementary, as above, then

t n t
/th:Z/ h; dX

which is a linear combination of £2-martingales, by Proposition 4.10. The
result follows. "

So far so good. Now if V; = fg hdX, can anything be said about ||Y||2
(or E(Y;?))? We pursue this now.
Let h € £. Then h can be written as

n
h = Zgi 1(ti,tz‘+1}
=1

for some m, 0 = t; < --- < t,, and Fy,-measurable random variables g;
(which may be 0). Let Y; = fg hdX and consider E(Y;?). First we note that
Y; is unchanged if h is replaced by h1(g ;) which means that we may assume,
without loss of generality, that ¢,,, = t. This done, we consider

m—1

EY?) =B((Y. g (X1 — X0))?)
=1
m—1m—1
=E(Y > 995 (Xeor1 — Xo,) (X1 — Xp) ).
j=1 i=1
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Now, suppose i # j, say i < j. Writing AX; for (X;, 41 — Xy,), we find that

E(gig; AX; AX;) = E(E(gi9; AXi AX; [ Ft)))
—E(gigj AXiE(AXj|.7'—tj)), a.s.,
since g;g; A; is Fy,-measurable,

=0, since (X;) is a martingale.

Of course, this also holds for i > j (simply interchange ¢ and j) and so we
may say that

t m—1 m—1
2
E((/ng) )=E(Y g AX})=) E(gjAX]).
0 j=1 J=1
Next, consider
E(g?AX;) :E(QJQ (th+1 th)Q)

= E( 932 (Xt]Jrl + Xt 2th+1th) )
= E(g? (Xf?j+1 + Xt ) ) 2E( g] Xt]+lXt] )
= B(g; (X7, +X2))—2E(g] Xt ( tie1 !ft ))
= B(g; (X7, +X})) —2B(g; X;, X1;)

since (X;) is a martingale,
2 2
= E( (th+1 - th) ) :
What now? We have already seen that the square of a discrete-time L£2-
martingale has a decomposition as the sum of an £'-martingale and a pre-
dictable increasing process. So let us assume that (X7?) has the Doob-Meyer
decomposition

X2 =M, + A,

where (M;) is an £L'-martingale and (A;) is an £!-process such that Ag = 0
and Ag(w) < Ay(w) almost surely whenever s < ¢.

How does this help? Setting AM; = My, , — My, and similarly AA; =
— Ay, we see that

j+1

Ay

Jj+1

E(gj (X}

— X)) = E(g] AM;) + E(g; AA;)
E(E (g] AM; | Fi))) + E(g; AA;)
E

( E((Mtj+1_ tj)|ftj) )+E(g]2AA])

-~

J+1

= 0 since (M) is a martingale
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Hence 1
t m—
E((/Ong )= E(g; (A, — Ay)).
Jj=1

Now, on a set of probability one, A;(w) is an increasing function of ¢ and we
can consider Stieltjes integration using this. Indeed,

t m—1 .t
/0< w)? dA(w Z/g ) T, 01 (5) dA(w)

0

m—1
:ZQJZ( )(At1+1( )_Atj(w))‘

J=1

Taking expectations,

t
E(/g dA) = E() _g; AA))

and this leads us finally to the formula

E((/Otngs)Q)—E(/Otg2 dAs)

known as the isometry property. This isometry relation allows one to extend
the class of integrands in the stochastic integral. Indeed, suppose that (g,,)
is a sequence from £ which converges to a map h : R™ x Q — R in the sense
that E( fg(gn —h)? dAg) — 0. The isometry property then tells us that the
sequence ( f(f gn dX) of random variables is a Cauchy sequence in £ and so
converges to some Y; in £2. This allows us to define fg h dX as this Y;. We
will consider this again for the case when (X;) is a Wiener process.

Remark 4.14. The Doob-Meyer decomposition of X? as M; + A, is far from
straightforward and involves further technical assumptions. The reader
should consult the text of Meyer for the full picture.
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Chapter 5

Wiener process

We begin, without further ado, with the definition.

Definition 5.1. An adapted process (W;);cr+ on a filtered probability space
(Q,S, P, (F:)) is said to be a Wiener process starting at 0 if it obeys the
following:

(a) Wy = 0 almost surely and the map ¢ — W; is continuous almost

surely.

(b) For any 0 < s < t, the random variable W; — Wy has a normal
distribution with mean 0 and variance t — s.
(c) Forall 0 <s < t, Wy — Wj is independent of Fs.
Remarks 5.2.

1. From (b), we see that the distribution of Wy — W is normal with
mean 0 and variance t; so

1
PWsy —Wse€ A) = NGET /Ae_zZ/Qt dx

for any Borel set A in R. Furthermore, by (a), Wy = W19 — Wy almost
surely, so each W; has a normal distribution with mean 0 and variance t.

2. For each fixed w € Q, think of the map ¢ — W;(w) as the path of a
particle (with ¢ interpreted as time). Then (a) says that all paths start
at 0 (almost surely) and are continuous (almost surely).

3. The independence property (c) implies that any collection of increments

Wi =Wy, Wey = Wey, oo, W, — W,
with 0 < 51 < t] < 859 < tg <83 < --+ < 5, < t, are independent.
Indeed, for any Borel sets Aq,..., A, in R, we have

PWy, —W,, € Ay,... . W, — W, € A4A,)
—— ———
AW, AWy,
= P({AWl c€A,...., AW, € An_l}ﬁ{AWn € An})
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. Such a Wiener process exists. In fact, let p(x,t) = Voris

= P(AW; € Ay,...,AW,,_1 € A,_1) P(AW,, € A,),
since {AW; € A;} € Fy, forall1 <j<n-—1
and AW, is independent of F; ,

= P(AWl S Al) P(AWQ € AQ) .. P(AWn S An)

as required.

. A d-dimensional Wiener process (starting from 0 € RY) is a d-tuple

(WL, ... W) where the (W}), ... (W#) are independent Wiener processes
in R (starting at 0).

. A Wiener process is also referred to as Brownian motion.

L —2%/2t Jenote

the density of Wy = Wy, — Wy and let 0 < t; < -+ < t,. Then to
say that Wy, = 21, Wy, = 29, ..., Wy, = z, is to say that Wy, = xq,
Wy =Wy =20 —21, ..., Wy, =Wy, | = 2p — 2p—1. Now, the random
variables Wy, , Wi, =Wy, ..., W, —W,; _, are independent so their joint
density is a product of individual densities. This suggests that the joint
probability density of Wy, ..., Wy, is

n

p(ﬂ:l,l‘g,. . 'a$n;t17t27 cee )tn)
= p(w1,t1) p(r2 —x1,t2 —t1) - p(Tn — Tp1,tn — tn-1) -

Let O, = R, the one-point compactification of R, and let Q = [Ticr+ 2
be the (compact) product space. Suppose that f € C(£2) depends only
on a finite number of coordinates in Q, f(w) = f(xt,,...,2s,), say. Then
we define

o(f) :/ p(x1, . Xty tn) f(xr, . xy) doy .o day, .

It can be shown that p can be extended into a (normalized) positive
linear functional on the algebra C'(€2) and so one can apply the Riesz-
Markov Theorem to deduce the existence of a probability measure u on
Q such that

p(f) z/ﬂf(w) dp .

Then Wi(w) = wy, the t-th component of w € Q.
(This elegant construction is due to Edward Nelson.)
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We collect together some basic facts in the following theorem.
Theorem 5.3. The Wiener process enjoys the following properties.

(i) E(WsW;)=min{s,t} =sAt.

(ii) E((Wy —W,)?) =t —s|.

(iii) E(WH) = 3¢2.

(iv) (W) is an L2-martingale.

(v) If My = W2 —t, then (M) is a martingale, null at 0.
Proof. (i) Suppose s < t. Using independence, we calculate

E(W W) = E(Ws (W, — Wy)) + E(W?2)

=E(Ws) E(W; —Ws) + varW,
—_—— —— —— S——
=0 =0 since E(Ws) =0

= S.

(ii) Again, suppose s < t. Then

E( (Wt _ WS)Q) = V&I’(Wt — WS) , since E(Wt — Ws) = Ov
=1t — s, by definition.

(iii) We have
/ e /2y — a Y2/or .

Differentiating both sides twice with respect to a gives
e 2
/ zte 2 dy = 307221 .
— 0o
Replacing « by 1/t and rearranging, we get

1 o0
E(Wh) = — / ot e 2 gy = 342

V2
and the proof is complete.

(iv) For 0 < s < t, we have (using independence)

EW|Fs) = E(W, — Wy | Fs) + E(Ws | Fs)
=EW,— W)+ Ws as.
=W, a.s.

W, = W, — W, has a normal distribution, so W; € £2.
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(v) Let 0 < s < t. Then, with probability one,

E(WE‘}—S) = E((Wt - WS)Q |‘7:5) + 2E(Wt WS‘}—S) - E(WSQ‘]:S)
= E(W; — Wo)?) + 2W, E(W; | Fy) — W2
=t—s+2W2 W2, by (ii) and (iv),

=t—s+ W2
so that E((W72 —t) | Fs) = (W2 — s) almost surely. .
1 1
Example 5.4. For a € R, (eaWt*?a%) (and so (€"*72"), in particular) is a

martingale. Indeed, for s <,

E(eaWt—%zLQt ) = E(ea(Wt—Wg)—i-an—%agt )
_ e—%aQtE(ea(Wt—Ws)eaWS | 7))
_ ef%aQteaWS B(e® e W) | £,
= e_%“Qte“WS E(e®We=Wo)y by independence,
_ e—%a%eaws e%az(tfs)

1
_ 6an—§a23

since we know that W; — W, has a normal distribution with mean zero and
variance t — s.

2k)! t*
Example 5.5. For k € N, E(W2) = (2]{’?k't
To see this, let I = E(W2*) and for n € N, let P(n) be the statement that

(2n)! "
2" !

B(W") =

parts, gives

. Since I} = t, we see that P(1) is true. Integration by

E(W?F) = B(W2) /t(2k + 1)
and so the truth of P(k) implies that

k)N (2(k+ 1)1 ¢EHD

2k+2\ _ 2ky
BOVET) =12k +1) BOVE) = 42k + 1) =00 = 0nt 1 1)

which says that P(k + 1) is true. By induction, P(n) is true for all n € N.
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Example 5.6. Let D,, = {0 = n) < t(n) - < t(n) T} be a sequence of
partitions of the interval [0, 7T ] such that mesh( n) — 0, where mesh(D) =
max{tjy1 —tj:t; € D}. For each n and 0 < j < m, — 1, let A"W; denote

the increment A"W; = W — Wy 2 and set A"t; (+)1 §n)_ Then

1
So(amw )
§=0
in £2 as n — oo.
To see this, we calculate
I Z (A"W; )2 —T|? = ( ( Z ZA%J) )
7=0

—ZE ((A™W;)? — A™)((A"W; )% — A™;))

= Z B( — A";)?),
(off-diagonal terms vanish by independence),

_ Z E((A"W;)* — 2 (A™W; )2 A™; + (A™;)?)

= Z 2 (A"t;)
< 2mesh(D Z A"t;
= 2mesh(D,,) T —0
as required. This is the quadratic variation of the Wiener process.

Example 5.7. For any ¢ > 0, Y; = ¢ W2, is a Wiener process with respect
to the filtration generated by the Y;s.

We can see this as follows. Clearly, Yy = 0 almost surely and the map
t — Yy (w) = Wey(w)/c is almost surely continuous because ¢ — Wy(w)
is. Also, for any 0 < s < t, the distribution of the increment Y; — Y
is that of (W, — W,2,)/c, namely, normal with mean zero and variance
(2t—c%s)/c? = t—s. Let Gy = F.2, which is equal to the o-algebra generated
by the random variables {Y; : s < t}. Then ¢(Y; — Ys) = (Wey — We,) is
independent of 2, = G5, and so therefore is Y; —Ys. Hence (Y;) is a Wiener
process with respect to (Gy).
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Remark 5.8. For ¢t > 0, let ¥; = t X;,, and set Yy = 0. Then for any
0<s<t

Vi—Ys=tXy—sXys=0—95) X1 —s(Xis — Xup)-

Now, 0 <1/t <1/s and so X, and (X;/, — X; ;) are independent normal
random variables with zero means and variances given by 1/t and 1/s—1/t,
respectively. It follows that Y; — Y is a normal random variable with mean
zero and variance (t — s)2/t 4+ s?(1/s — 1/t) = (t —s). When s = 0, we see
that Y — Yo =Y, =t X, Jt which is a normal random variable with mean
zero and variance 2/t = t.

Let (G;) be the filtration where G, is the o-algebra generated by the family
{Y;:s <t}. Again, suppose that 0 < s < t. Then for any r < s

E((Y: = Ys)Y,) = E( (tXl/t - $X1/s) TX1/T)
=1t B(Xy1s X1/r) — 18 E(X1/5 X1/1)
=1t B(Xy (Xy/p — X1pt)) + 1t E(Xy e X1 1)
- TSE(XI/S (Xl/r - Xl/s)) -Trs E(Xl/s Xl/s)
=7t E(Xl/t) E(Xl/r — Xl/t) +rt V&I‘(Xl/t)
- TSE(X1/5> E(Xl/r - Xl/s) —-Trs Var(Xl/s)
=0+rt(1/t)—0—rs(1l/s)
=0.
This shows that (Y; — Yj) is orthogonal in £? to each Y;. But orthogonality
for jointly normal random variables implies independence and so it follows
that the increment Y; — Y; is independent of G;.

Finally, it can be shown that the map ¢ — Y; on R™ is continuous almost
surely. In fact, it is evidently continuous almost surely on (0,00) because
this is true of ¢t — X;. The continuity at t = 0 requires additional argument.
Notice that it is easy to show that t — Y; is £2-continuous. For s > 0 and
t > 0, we find that

1Y = Ysllo = |t X0 — s X162
<[t X1y —t Xuyslle + 12 X176 — s Xuyll2
=t[1/s — 1/t|V2+ |t — s| (1/s)"/?
—0ass—t.
At t =0, we have
1Ye = Yoll3 = 1Yall3 = £ | X3 = * var Xy )y = ¢ — 0

as t | 0. This is example is useful in that it relates large time behaviour of
the Wiener process to small time behaviour. The behaviour of X for large ¢
is related to that of Y; for small s and both X; and Y, are Wiener processes.
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Example 5.9. Let (W;) be a Wiener process and let X; = ut + oW, for t > 0
(where 1 and o are constants). Then (X;) is a martingale if ;4 = 0 but is a
submartingale if p > 0.

We see that for 0 < s < ¢,

E(X¢|Fs) = E(ut + oWy | Fs) = ut + oWy > ps + oW, = X5

Non-differentiability of Wiener process paths

Whilst the sample paths W;(w) are almost surely continuous in ¢, they are
nevertheless extremely jagged, as the next result indicates.

Theorem 5.10. With probability one, the sample path t — Wy(w) is nowhere
differentiable.

Proof. First we just consider 0 <t < 1. Fix 8 > 0. Now, if a given function
f is differentiable at some point s with f’(s) < 3, then certainly we can say
that

[f(t) = f(s)] <28 |t — s
whenever |t — s| is sufficiently small. (If ¢ is sufficiently close to s, then
(f(t)—f(s))/(t—s) is within § of f'(s) and so is smaller than f'(s)+5 < 23).
So let

Ay, ={w:3s€]0,1) such that |Wi(w) — Ws(w)| <28t — s/,

whenever [t —s| < 2},

Evidently A, C Ap41 and |J,, Ay includes all w € © for which the function
t — Wi(w) has a derivative at some point in [0,1) with value < j.

Once again, suppose f is some function such that for given s there is some
6 > 0 such that

[f(t) = f(s)| <26t — s (%)

if [t —s] < 2§. Let n > 1/6 and let k be the largest integer such that
k/n <s. Then

max{ | f(E£2) — f(EELY || p(REL) — p(By | p(R) — p(EEL) [ < BB ()

To verify this, note first that % < % <s < % < % and so we may
estimate each of the three terms involved in (%) with the help of (x). We
find

| FOEE2) — p(EELY | < | F(EE2) — f(s) |+ f(s) — f(EEL)|
< 20|EE2 — 5| 4+ 28]s — EEL|
< 88
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and
| FOED) = FE) [ <P = f(9) [+ 1 £(s) — f(5)]
<205 — | 4 20]s — £|
< 48
and

[FR) = FCSDT ST = ) [+ 1 f(s) = FO5H) ]
<2815 = sl + 2805 — £
< 68
which establishes the inequality (sx).

For given w, let

04(w) = mas{ W (@) — Wi ()] + W (@) — Wi ()]
(Wi (w) = Wi (0)[ }
and let
B, ={w: gt(w) < % for some k <n—2 }.

Now, if w € A,, then Wi(w) is differentiable at some s and furthermore
[Wi(w) — Wi(w)| < 28|t —s| if |t —s| < 2/n. However, according to our
discussion above, this means that ggp(w) < 68/n where k is the largest
integer with k/n < s. Hence w € B,, and so A,, C B,,. Now,

n—2
B, = | J{w: ge(w) <%}
k=1
and so
n—2
P(By) <Y P(ge <)
k=1

We estimate
P(gr < %) = P(max{ Wiz — Wi,
(Wizr — Wi/, |W§—W%\}S%)
= P({ Wiz = Win| < G710
{Wes = Wi | < SEF0{IWy = Wis |} < §71)
+ }) X
X P({[Wen = Wi < 823) P({|We = Wi | < 2},

ISy

= P({|Wi2 — Wi | < 8

2|

by independence of increments,

ifwilde Notes



Wiener process 75

S [, )
(Vi 2

= Cn3?

where C' is independent of n. Hence
P(B,) <nCn3?=Ccn™1? -0
as n — oo. Now for fixed j, A; C A, for all n > j, so
P(Aj) < P(A,) < P(B,)—0
as n — oo, and this forces P(A4;) = 0. But then P({J; 4;) = 0.

What have we achieved so far? We have shown that P(|J, An) = 0 and
so, with probability one, W; has no derivative at any s € [0,1) with value
smaller than . Now consider any unit interval [j,j + 1) with j € Z™.
Repeating the previous argument but with W; replaced by X; = W;;, we
deduce that almost surely X; has no derivative at any s € [0, 1) whose value
is smaller than 3. But to say that X; has a derivative at s is to say that
W has a derivative at s + j and so it follows that with probability one, W}
has no derivative in [j, j + 1) whose value is smaller than 5. We have shown
that if

Cj = {w: Wi(w) has a derivative at some s € [j,j + 1) with value < 3}

then P(C;) = 0 and so P(U;cz+ Cj) = 0, which means that, with probability
one, W; has no derivative at any point in R™ whose value is < 3. This holds
for any given 3 > 0.

To complete the proof, for m € N, let

Sm = {w : Wi(w) has a derivative at some s € RT with value < m}.

Then we have seen above that P(Sy,) = 0 and so P({,,, Sm) = 0. It follows
that, with probability one, W; has no derivative anywhere. n
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It6 integration

We wish to indicate how one can construct stochastic integrals with respect
to the Wiener process. The resulting integral is called the It6 integral. We
follow the strategy discussed earlier, namely, we first set-up the integral
for integrands which are step-functions. Next, we establish an appropriate
isometry property and it then follows that the definition can be extended
abstractly by continuity considerations.

We shall consider integration over the time interval [0, 7], where 7" > 0 is
fixed throughout. For an elementary process, h € £, we define the stochastic
integral fOTh dW by

/ hdW = I(h ng Wi (@) = Wi, ().

where h = 7" gi 1,1, With 0 = &1 < ... < t,11 = T and where g;
is bounded and F3,-measurable. Now, we know that W72 has Doob-Meyer
decomposition W2 = M; + t, where (M;) is an £!-martingale. Using this,
we can calculate E(I(h)?) as in the abstract set-up and we find that

T
E(I(h)?) :E(/O h2(t,w) dt)

which is the isometry property for the Ito6-integral.
For any 0 <t < T, we define the stochastic integral fg h dW by

/ hdW = I(h1y ng ) (Weane(w) = W) )
0

and it is convenient to denote this by I;(h). We see (as in the abstract
theory discussed earlier) that for any 0 < s <t <T

E(It(h) |-7:s) = Is(h) )

that is, (It(h))o<t<r is an L2-martingale.

Next, we wish to extend the family of allowed integrands. The right hand
side of the isometry property suggests the way forward. Let K denote the
linear subspace of £2((0, T] x Q) of adapted processes f(t,w) such that there
is some sequence (h,,) of elementary processes such that

E(/()T(f(s,w)—hn(s,w))2 d5>—>0. (%)

We construct the stochastic integral I(f) (and I;(f)) for any f € Kp via the
isometry property. Indeed, we have

E((I(hn) = I(hm))*) = E(1(hn = hm)?)
= B( T(hn — hp)? ds) .
0
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But by (%), (hy) is a Cauchy sequence in r (with respect the norm ||h||x, =
E(fOT h?ds)'/?) and so (I(hy)) is a Cauchy sequence in £2. It follows that
there is some F' € £L2(Fr) such that

E((F —1(hn))*) —0.

We denote F' by I(f) or by fOT f dWs. One checks that this construction
does not depend on the particular choice of the sequence (h,,) converging to
f in ICp. The Ito-stochastic integral obeys the isometry property

T T
BO([ faw)) = [ B as

for any f € Kr.
For any f,g € K7, we can apply the isometry property to f &+ g to get

B £ 10)) = E(U(7 £ 9)*) = B( [ (£ ds).

On subtraction and division by 4, we find that

T
E(I(N)I(9)) = B( /0 £(5)g(s) ds) .

Replacing f by f1(gy in the discussion above and using h,1(gy € € rather
than h,,, we construct I;(f) for any 0 <t < T. Taking the limit in £2, the
martingale property E(I;(hy)|Fs) = Is(hy) gives the martingale property
of I;(f), namely,

E(]t(f)’}_s)zls(f)? 0<s<t<T.

For the following important result, we make a further assumption about
the filtration (F%).

Assumption: each F; contains all events of probability zero.
Note that by taking complements, it follows that each F; contains all
events with probability one.

Theorem 5.11. Let f € Kp. Then there is a continuous modification of I;(f),
0 <t <T, that is, there is an adapted process Ji(w), 0 < t < T, for which
t — Ji(w) is continuous for all w € Q and such that for each t, I;(f) = Ji,
almost surely.

Proof. Let (hy) in € be a sequence of approximations to f in ICr, that is

E(/OT(hn—f)2 ds) 0

November 22, 2004



78 Chapter 5

so that I(hy,) — I(f) in £2 (and also I;(h,) — I;(f) in £?). Tt follows that
(I(hy)) is a Cauchy sequence in £2,

T
11(hn) — I(h)|2 = /0 Bl — hon)? ds — 0

as n,m — oo. Hence, for any k € N, there is Ny such that if n,m > Ng
then
11 (hn) = I(hm)l3 < 55 7 -

If we set ny = N1 + - - - + Nj, then clearly ngy1 > ng > Ny and
1 (hngeyy) = L(hny I3 < 55 35

for k € N. Now, the map t — I;(hy) is almost surely continuous (because
this is true of the map t — W;) and I (hy,) — It (hy) = It(hy—hyy) is an almost
surely continuous £2-martingale. So by Doob’s Martingale Inequality, we

have

P( sup [Ii(hn —him)| >¢) < %2 11 (R, _hm)Hg
0<t<T

for any € > 0. In particular, if we set £ = 1/2¥ and denote by Aj, the event

A ={ sup [Li(hn,,, —hn) | > 55}
0<t<T

then we get

, 11 1
ok 4k — ok

P(Ax) < (2% [ 1(hn — i) 13 < (2)

But then ), P(Aj) < oo and so by the Borel-Cantelli Lemma (Lemma 1.3),
it follows that
P( Aj, infinitely-often ) = 0.

B

For w € B¢, we must have

sUp | Iy(hnyy) (@) = Te(hn ) (W) | < 5
0<t<T

for all k > kg, where kg may depend on w. Hence, for j > k

sup | Iy(hn; (W) = It(hny, ) (W) |

0<t<T
< sup [ Ly(hn;)(w) = Li(hn;_, ) (w) |
0<t<T
+ sup ’It(hnjfl)(w)_It(hnj72)(w)|
0<t<T
+ oo+ sup [Li(hny, ) (W) = Le(hn, ) (@) |
0<t<T
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1 1 1
§2j71+2j772+"‘+2*k

This means that for each w € B¢, the sequence of functions (I;(hy,)(w))
of t is a Cauchy sequence with respect to the norm ||| = supg<;<7 [¢(t)].
In other words, it is uniformly Cauchy and so must converge uniformly on
[0, T'] to some function of ¢, say J;(w). Now, for each k, there is a set Ej, with
P(E)) = 1 such that if w € Ej, then t — I;(hy, )(w) is continuous on [0, T.
Set £ = (), Ex, so P(E) =1. Then P(B°NFE) =1 and if w € BN E then
t — Jy(w) is continuous on [0,7]. We set Jy(w) =0 for all t if w ¢ BN E
which means that ¢t — Jy(w) is continuous for all w € .

However, I;(hy,, ) — I:(f) in £ and so there is some subsequence (It(hnkj )
such that It(hnkj)(w) — I;(f)(w) almost surely, say, on S; with P(S;) = 1.
But It(hnkj)(w) — Ji(w) on B°NE and so It(hnkj)(w) — Ji(w) on B°NENS;
and therefore J;(w) = I;(f)(w) for w € BENENS;. Since P(B°NENS;) =1,
we may say that J; = I;(f) almost surely.

We still have to show that the process (J;) is adapted. This is where we use
the hypothesis that F; contains all events of zero probability. Indeed, by
construction, we know that

Jt = lim It(hnk) 1BCQE
k—00 N—_— ——r

JFi-measurable

and so it follows that J; is Fi;-measurable and the proof is complete. "
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Chapter 6

Ito’s Formula

We have seen that E((W; —W)?) =t —s for any 0 < s < t. In particular, if
t—s is small, then we see that (W, —W,)? is of first order (on average) rather
than second order. This might suggest that we should not expect stochastic
calculus to be simply calculus with w € € playing a kind of parametric role.

Indeed, the It6 stochastic integral is not an integral in the usual sense.
It is constructed via limits of sums in which the integrator points to the
future. There is no reason to suppose that there is a stochastic fundamental
theorem of calculus. This, of course, makes it difficult to evaluate stochastic
integrals. After all, we know, for example, that the derivative of z3 is 322
and so the usual fundamental theorem of calculus tell us that the integral
of 3x2 is x3. By differentiating many functions, one can consequently build
up a list of integrals. The following theorem allows a similar construction
for stochastic integrals.

Theorem 6.1 (It6’s Formula). Let F'(t,x) be a function such that the partial
derivatives Oy F and Oy, F are continuous. Suppose that 0, F(t, W) € Kr.
Then

T
F(T,Wr) = F(0,Wo) +/ <8tF(t, W) + 1 0pu F(t, W) ) dt
0

T
+ / O F(t, Wy) dW,
0

almost surely.

Proof. Suppose first that F'(¢, x) is such that the partial derivatives 0, F and
Oy F are bounded on [0, T] xR, say, |0, F| < C and |0, F| < C. Let Qy C
be such that P(2) = 1 and ¢t — W;(w) is continuous for each w € Q. Fix

w € Q. Let t;n) = jT'/n, so that 0 = t(()n) < tg") < e < t%n) = T partitions
the interval [0, 7] into n equal subintervals. Suppressing the n dependence,
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let Ajt = t§T1 - t;n) and AW =Wy, (w) — W, (w). Then we have

F(T,Wr(w)) — F(0, Wy (w))

|
—

= Z(F(thrh Wi (W) — F(tj, W, (@)))

=0
= é:(F(th, Wi, (W) = F(tj, Wi, (w)) )
+ E(F(tj, Wi () = F(tj, Wi, (w)))
:nzl O F (5, Wi, (w)) Ajt
=0
+ :Z:(F(tj, Wi, (W) = F(t, Wy, (w)) ) 4

for some 7; € [t;,tj11], by Taylor’s Theorem (to 1° order),
n—1
= OF (1, Wy, (w)) Ajt
j=0
n—1
+ ) {0F (), Wi, () AW + § 020 F (85, 2;) (A W) }
§=0
for some z; between Wy, (w) and Wy, (w), by Taylor’s Theorem
(to 2" order),

We shall consider separately the behaviour of these three terms as n — oc.
Consider first I'1(n). We write

8tF(Tj7 Wtj+1 (w)) Ajt = (815F(7—j7 Wtj+1 (w)) - 8tF(tj+17 Wtj+1 (w)) )
+ atF(tj-f-l? Wtj+1 (w)) :
By hypothesis, 0;F(t, z) is continuous and so is uniformly continuous on any
rectangle in RT x R. Also ¢t — W;(w) is continuous and so is bounded on

the interval [0, T7]; say, |Wi(w)| < M on [0,7T]. In particular, then, 0, F(t, )
is uniformly continuous on [0,7] x [-M, M] and so, for any given € > 0,

‘ atF(Tj, Wy (CU)) - atF(tj-‘rlv Wtj+1 (w)) | <e

J+1
for sufficiently large n (so that |7; — tj41| < 1/n is sufficiently small).
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Hence, for sufficiently large n,

—_

n—

Fl(n) = Z(atF<Tj7 Wt]’+1 (w)) - atF(tj—i-la Wtj+1 (w)) ) Ajt
7=0
n—1
+ ) OF (i1, Wiy, (w) Ajt
7=0

For large n, the first summation on the right hand side is bounded by
stAjt = ¢T and, as n — o0, the second summation converges to the

integral fOT OsF (s, Ws(w)) ds. Tt follows that

T
I'i(n) — /0 0sF (s, Ws(w)) ds

almost surely as n — oo.

Next, consider term I'y(n). This is

n—1
ZaxF(tjawtj (w)) AJW = I(gn)(w)
=0 S——
Wtj+1 (W)—Wtj (w)
where g, € £ is given by
n—1
gn(57 CU) = Z 8xF(t]’ Wtj (CU)) 1(tj,tj+1} (S) :
=0

Now, the function ¢ +— 0,F(t;, W;,(w)) is continuous (and so uniformly
continuous) on [0,7] and g¢,(-,w) — g¢g(-,w) uniformly on (0,7], where
g(s,w) = 0y F (s, Ws(w)). It follows that

T
/ 90 (5,0) — g(s,w) [ ds — 0
0

as n — oo for each w € Q. But fOT lgn(s,w) — g(s,w)|* ds < 4TC? and
therefore (since P(£2) = 1)

E(/OT‘gn—gF d5> —0

as n — 00, by Lebesgue’s Dominated Convergence Theorem.
Applying the Isometry Property, we see that

11(gn) — I(g)ll2 — 0,

that is, T'a(n) = I(gs) — I(g) in £? and so there is a subsequence (gy, ) such
that I(gn,) — I(g) almost surely. That is, I's(ny) — I(g) almost surely.
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We now turn to term I's(n) = % E?:_& OuaF (5, 25)(A;W)2. For any w € Q,

write

% 8;mF(ti7 ZZ)(AZW)Q = % 83;35F(ti7 Wz( )) ((AZW)z — Ait)
+ %82212}7(7527 z( )) Ait
+ % (a;mF(ti, Zz) — ame(ti, Wz(w))) (AzW)2 .

Summing over j, we write I'3(n) as
Pg(n) = <I>1(n) + (I)Q(n) + (133(71)

where ®1(n) = 37" S 2 0uaF(ti, Wi(w)) ((A;W)? — Agt) ete. As before, we

see that for w € Qg
T
Do(n) = S0y L 0uuF(ti, Wi(w)) Ajt — & / 0wz F (s, Ws(w)) ds
0

as n — oo. Hence ®9(ng) — %fOT OrxF (s, Ws(w)) ds almost surely as
k — oo.

To discuss ®1(ng), consider

E(®1(nk)?) = B((3;04)7)
=B Zm‘ai ;)

where a; = 0y F(t5, I/Vl(w))((AlI/V)2 - Ait). By independence, if i < 7,

E(oi o) = E( 0 0paF (1, W))) E((A;W)? — Ajt)

=0

and so

E(®(ng)? ZE

- ZE (D (15, Wi))? (AW)? = Ait)?)

= ZE a:ca:F tz’WZ)) ) E((AZW)2 - Ait)Q)’

<c?

by independence,
<C? Y E((AW)? - At)?)

= C? Y B((AW)! = 284(AW)? + (Ait)?)

)

=02 Y (E((AW)Y) — (Ait)?)

i
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= C% ) (3(A)" — (At)?)
=C22) (At)?
-y ()

:QC’ZF‘%HO,

as n — oo. Hence ®1(n;) — 0 in £2.

Now we consider ®3(n) = >, (022 F(ti, 2;) — OpaF (ti, Wi(w)) ) (A W)

Fix w € Q. Then (just as we have argued for 0, F'), we may say that the
function t +— 0y, F(t, Wi(w)) is uniformly continuous on [0,7]. It follows
that for any given € > 0,

|a’er(tia Zi) - aIIF(th Wl(w))| <e€

for all 0 < i < n — 1, for sufficiently large n. Hence, for all sufficiently
large n,

n—1
‘ S (00 F (1. 2) — DuaF (13, Wiw)) J(AW)? | < €S, (%)
1=0
where S, = S H(AW)2.
Claim: S,, — T in £2 as n — co.

To see this, we consider

15w = T3 = E((Sn —T)?)
E((Sn — > ;Ait)%)
= B((Z{(AW:)? — Ait})?)
=3, EBiB), where 8; = (AW;)* — Ait,
=YL BB + > iz E(Bi Bj)
=Y E(B7) + >, E(8:) E(B;), by independence,
=>LE(B), since E(6;) =0,
= SLE((AW)Y —2A:t (AW)? + (Ait)?)
=3:2(Ast)?
—o12

— 0
as n — oo, which establishes the claim.
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It follows that S,, — T in £? and so there is a subsequence such that
both ®;(n,,) — 0 almost surely and S,,,, — 1" almost surely. It follows from
(*) that

®3(npy) — 0

almost surely as m — oo.

Combining these results, we see that

F1<nm) + FQ(nm) + F3(nm)

T T
= / O F (s, Wi(w)) ds + / 0, F (s, W) dIV,
0 0

T
—i—%/ OraF' (s, Ws(w)) ds
0

almost surely, which concludes the proof for the case when 0, F and 0., F
are both bounded. To remove this restriction, let ¢, : R — R be a smooth
function such that ¢, (x) =1 for |z| <n+1 and p,(x) =0 for |z| > n + 2.
Set F,(t,z) = pn(x) F(t,z). Then 0,F, and 0., F, are continuous and
bounded on [0,7] x R. Moreover, F,, = F, 0,F,, = O,F, 0,F, = 0,F and
Oz Fy, = Oy F whenever |z| < n.

We can apply the previous argument to deduce that for each n there is
some set B, C Q with P(B,) =1 such that

T
Fo (T, Wr) = F, (0, Wo) +/ ( O, (t, W) + L 0pu Fo(t, W7) ) dt
0

T
—|—/ O o (t, W) dW ()
0

for w € B,,.

Let A =QpnN (ﬂan) so that P(A) = 1. Fix w € A. Then w €
and so t — W;(w) is continuous. It follows that there is some N € N such
that |Wy(w)| < N for all ¢ € [0,T] and so Fy(t, Wi(w)) = F(t, W(w)) for
t € [0,T] and the same remark applies to the partial derivatives of Fiy and F.
But w € By and so (xx) holds with F,, replaced by F which in turn means
that (#*) holds with now Fj replaced by F' — simply because Fy and F
(and the derivatives) agree for such w and all ¢ in the relevant range.

We conclude that

T
F(T,Wrp) = F(0,W) + / ( O F(t,Wy) + %8mF(t, W) > dt
0
T
+/ O F(t, W) dW,
0
for all w € A and the proof is complete. "
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Example 6.2. Let F'(s,xz) = sz. Then we find that

t t
F(t,Wt)—F(O,WO):tWt—O:/ Wsds+/ s dW,
0 0

t t
/SdWstht/Wsds.
0 0

Example 6.3. Let F(t,z) = 2%, Then It6’s Formula tells us that

that is,

t t
WE:W5+/ ;2ds+/ 2W, dW,
0 0

that is,

t
Wt2:t+2/ Wy dWs .
0
This can also be expressed as
t
/ W dW, = S W7 — 3¢
0

Example 6.4. Let F'(t,z) = sinz, so we find that O;F = 0, 0, F = cosz and
Oz B = —sinz. Applying It6’s Formula, we get

t t
F(t,W;) — F(0,Wy) = sin W, :/ cos(Ws) dWy — ;/ sin(Ws) ds
0 0

or

t t
/ cos(Ws) dWy = sin W, +;/ sin(W;) ds .
0 0

Example 6.5. Suppose that the function F'(¢, x) obeys O, F = —% Oz F. Then
if 0, F(t, W) € Kr, Ito’s formula gives

T
F(T,Wr) = F(0,Wy) + / ( OF (t, W) + 5 0uu F(t, W) ) dt
0

=0
T
+ / O, F (t,Wy) dW,
0
martingale
Takln F _ ax—%toﬂ h OLWt—%tO!Q : : 1
g F(t,x)=¢e , we may say that e is a martingale.
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[t6’s formula also holds when W; is replaced by the somewhat more general
processes of the form

t t
X = Xo +/ u(s,w) ds +/ v(s,w) dWs
0 0
where u and v obey P(fot lul* ds < c0) = 1 and similarly for v. One has

t
F(t, X)) — F(0, Xo) = / [0.F(s, X.) + ud,F(s, X,)
0
+ % v? Oz F (s, XS)} ds
t
—|—/ v(s,w) 0y F (s, Xs) dWs.
0

In symbolic differential form, this can be written as
dF(t, Xy) = O F dt +u 0, F dt + 30?0y, F dt +v 0, F dW . (%)

On the other hand, on the grounds that dt dX and dtdt are negligible, we
might also write

dF(t,X) = O F dt + 0, F dX + 5 0,o F dX dX . (%)
However, in the same spirit, we may write
dX =wudt +vdW
which leads to

dX dX =u? dt? + 2uvdtdW + 02dWdwW.
=0 =0

But we know that E((AW)?) = At and so if we replace dW dW by dt and
substitute these expressions for dX and dX dX into (%), then we recover
the expression (x).

It would appear that standard practice is to manipulate such symbolic
differential expressions (rather than the proper integral equation form) in
conjunction with the following It6 table:

Ito table
dt> =0
dtdW =0
dW? = dt

ifwilde Notes



It6’s Formula 89

1
Example 6.6. Consider Z; = o9 dW=5 Jig%ds e
t t
Xt=X0+/O gdW—/0 %gzds

so that dX = —%gg ds + gdW. Then, with F(t,x) = €*, we have O, F = 0,
0 F = e and 0., F = €® so that
dF = 0,F(X)dt + 9,F(X)dX + 1 0,,F(X)dX dX
_ X/ 1 2 1.X
=0+4e* (—3g°dt+gdW) + 3¢ d)idX
g% dt

=eXgdW .

We deduce that F(X;) = eXt = Z; obeys dZ = e gdW = Z gdW, so that

t
Zt:ZO+/ gZSdWS
0

It can be shown that this process is a martingale for suitable g — such a

1,7
condition is given by the requirement that F(e2 Jo des) < 00, the so-called
Novikov condition.

1
Example 6.7. Suppose that dX = udt +dW, My = e~ JoudW=3 Jyuds 5nq
consider the process X; M;. Then

dY; = X¢ dMy + My dY; + d X, dM; .

The question now is what is dM;? Let dV; = —%uZ dt — udW; so that
M; = €"t. Applying It&’s formula (equation (x) above) with F(t,z) = €%,
(so O F =0 and 0, F = 0, F = €* and F(V;) = M;), we obtain

dM; = dF(V;) = (0 — Su?e” + 1 u?e") ds —ue” dW

=0

= —uetdW,.
So

dY; = = XiueVt dWy + My (udt + dWy) — ue"t dWi(udt + dWy)
= —u Xy My dWy; + u M, dt + My dW; — uet dt
= (—uX; M; + M) dW;, since My = e"*,

or, in integral form,
t
Y, = Y0—|—/ (M5 —u X Mg) dWs
0
which is a martingale.
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Remark 6.8. There is also an m-dimensional version of Ité’s formula. Let
(W(l),W(Q), ey W(m)) be an m-dimensional Wiener process (that is, the
W) are independent Wiener processes) and suppose that

dX, =y dt + v dWD + o vy, dW ™

dXp = tp dt + vy AWD 4 4 vp dW

and let Yi(w) = F(t, X1(w), ..., Xn(w)). Then

dY = O F (t, X)dt + > 0p, F(t,X)dXi + 5 > Ouye; dX; dX;
i=1 2

where the It6 table is enhanced by the extra rule that dW® diw () = d;j dt.

Stochastic Differential Equations

The purpose of this section is to illustrate how It6’s formula can be used
to obtain solutions to so-called stochastic differential equations. These are
usually obtained from physical considerations in essentially the same way
as are “usual” differential equations but when a random influence is to be
taken into account. Typically, one might wish to consider the behaviour of
a certain quantity as time progresses. Then one theorizes that the change of
such a quantity over a small period of time is approximately given by such
and such terms (depending on the physical problem under consideration)
plus some extra factor which is supposed to take into account some kind of
random influence.

Example 6.9. Consider the “stochastic differential equation”
dXy = p X dt 4+ o Xy dW, (%)

with Xo = ¢ > 0. Here, i and o are constants with ¢ > 0. The quantity
X, is the object under investigation and the second term on the right is
supposed to represent some random input to the change dX;. Of course,
mathematically, this is just a convenient shorthand for the corresponding
integral equation. Such an equation has been used in financial mathematics
(to model a risky asset).

To solve this stochastic differential equation, let us seek a solution of the
form X; = f(t,W;) for some suitable function f(¢,2). According to Ito’s
formula, such a process would satisfy

dXy =df = {fi(t, Ws) + & foa(t, W) } dt + fo(t, Wr) AW, (*)
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Comparing coefficients in () and (xx), we find

wf (6 We) = fult, We) + 5 faa(t, W7)
Uf(tv Wt) = fw(t7 Wt) .

So we try to find a function f(t, ) satisfying

pftw) = filt;2) + 5 faalt,2) (i)

o f(t,x) = falt, ) (i)

Equation (ii) leads to f(t ) = e?®C(t). Substitution into equation (i)
(2)

x
requires C(t) = et (0) which leads to the solution

1
F(t,z) = C(0) 7 THH—3 %)

But then Xy = f(0, Wy) = f(0,0) = C(0) so that C'(0) = z¢ and we have
found the required solution

X =uxp€” Wett(u—3 0*) .
From this, we can calculate the expectation E(X;). We find

1
E(Xt) = x0 et,u, E(gO'Wt—QtOQ))
S —
=1

= xg e

and so we see that if 1 > 0 then the expectation F(X;) grows exponentially
as t — o0.
However, we can write

W (Wa = Wao1) + (W1 = W) + -+ (Wi — Wp)

n n
i+ Zot+ 2y
N n

where 71, ..., Z, are independent, identically distributed random variables

with mean zero (in fact, standard normal). So we can apply the Law of
Large Numbers to deduce that

P(%%Oasn%oo)zl.
Now, we have

1
X, = xge” Wntnli—3 o?)

— gy e (-Gt
If 02 > 2y, the right hand side above — 0 almost surely as n — oo.
We see that X, has the somewhat surprising behaviour that X,, — 0 with

probability one, whereas E(X,,) — oo (exponentially quickly).

November 22, 2004



92 Chapter 6

Example 6.10. Ornstein-Uhlenbeck Process
Consider
dXt = —aX; dt + O'th

with Xy = zg, where o and ¢ are positive constants. We look for a solution
of the form X; = ¢(¢t)Y; where dY; = h(t) dW;. In differential form, this
becomes (using the It6 table)

dX; = gdY; +dg Yy + dgdY;
= ghdW; + ¢'Y,dt + 0.

Comparing this with the original equation, we require

JY =—agY
gh=o0.

The first of these equations leads to the solution g(t) = C'e~. This gives
h=o0/g=0e*/C and so dY = & e dW, or

t
Ytho+g/ e dWs.
0
Hence
t
X, =Ce (Yo + & / e AW, )
0
t
= e_at(CYo + 0/ e*? dWS> .
0
When ¢t =0, Xy = z¢ and so xg = C'Yy and we finally obtain the solution
t
X, =xpe 4 0/ et g,
0

Example 6.11. Let (W) W®) be a two-dimensional Wiener process and
let M; = @(Wt(l),Wt@)). Let f(t,z,y) = p(z,y) so that 9;f = 0. Itd’s
formula then says that

dM; = df = 3,0 (WD, W)y aw M + 80w, w2y aw?)
+ 1 2o W) 4+ 2w W) Lt

In particular, if ¢ is harmonic (so 92¢p + (95(,0 = 0) then
dM, = 8gc90<Wt(1), Wt@)) th(l) + 3y<p(Wt(1), Wt@)) th(Q)

and so M; = @(Wt(l), t(2)) is a martingale.
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Feynman-Kac Formula

Consider the diffusion equation
w(t, @) = 5 e (t, )

with u(0,z) = f(z) (where f is well-behaved). The solution can be written
as

atr) = 7 [ @ .

However, the right hand side here is equal to the expectation E( f(z+W))
and x + W; is a Wiener process started at x, rather than at 0.

Theorem 6.12 (Feynman-Kac). Let ¢ : R — R and f : R — R be bounded.
Then (the unique) solution to the initial-value problem

duu(t,z) = 3 Oppu(t,z) + q(x) u(t, z),
with u(0,x) = f(x), has the representation

u(t, @) = B( f(a+ W) e teWods).

Proof. Consider Itd’s formula applied to the function f(s,y) = u(t—s, x+y).
In this case O;f = —01u = —u1, Oy f = Oau = U2, Oyyf = O22u = u22 and so
we get
df (s, Ws) = —u1(t — s,z + W) ds
+ 3 uga(t — s,z + W) dWsdW, + ua(t — s,z + W) dW,
d
= —q(z + Ws)u(t — s,x + W) ds + ua(t — s,z + Wy) dW;

where we have made use of the partial differential equation satisfied by wu.
For 0 < s <t set

My = u(t — s, 2 + W) elo dlztWo) dv

Applying the rule d(XY) = (dX)Y + X dY + dX dY together with the It
table, we get
AM, = df el Wt W) dv o g q( elg aletWo)dv) o gr g( els aletWo)dv
= —q(z + W) u(t — s,x + W) efos (A Wo)dv g
+ug(t —s,x + W) eJo ala+Wy) dv AW,
+ fa(x + W) elo az+Wo)dv g0 1
=ug(t — s,z + Ws) oJo ala+Wo) dv W,
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It follows that

M, = My + / UQ(t —s,x+ Ws) efos q(z+Wy) dv AW,
0

and so M; is a martingale and, in particular, F(M;) = E(My). However,
by construction, My = u(t, z) almost surely and so E(Mj) = u(t,z) and

E(M;) = E< u(0,x + Wy) elo alz+ W) dv)

=f(x+Wr)

by the initial condition. The result follows. "

Martingale Representation Theorems

Let (Fs) be the standard Wiener process filtration (the minimal filtration
generated by the W}’s).

Theorem 6.13 (£2-martingale representation theorem). Let X € L£L2(Q, Fr, P).
Then there is f € Kr (unique almost surely) such that

T
X=at [ flsw)aw.
0
where o = E(X).

If (X¢)i<r is an L2-martingale, then there is f € Kr (unique almost surely)
such that

¢
Xt:XU+/ des
0
forall0 <t <T.

We will not prove this here but will just make some remarks. To say
that X in the Hilbert space £2(Fr) obeys E(X) = 0 is to say that X is
orthogonal to 1, so the theorem says that every element of £2(Fr) orthogonal
to 1 is a stochastic integral. The uniqueness of f € Kp in the theorem is
a consequence of the isometry property. Moreover, if we denote fOT fdw
by I(f), then the isometry property tells us that f +— I(f) is an isometric
isomorphism between K7 and the subspace of £2(Fr) orthogonal to 1.

Note, further, that the second part of the theorem follows from the first
part by setting X = X7. Indeed, by the first part, X7 = a + fOT fdW and
SO

t
X, = E(Xr | F) :a—l—/ faw,
0
for 0 <t <T. Evidently, a« = Xg = E(X7).
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Recall that if dX; = udt + vdW; then Ito’s formula is
df (t, Xy) = Ouf (t, Xy) dt + 3 Ope f(t, Xy) dXy dXy + On f (£, Xy) dXy

where, according to the Ito table, dX; dX; = v? dt.
Set w = 0 and let f(t,z) = 2. Then d;f =0, O, f = 22 and Oy f = 2 50
that
d(X}) =04 dX;dX; +2X dX; .
——
=v2dt
That is,
t t
szxg+/ 2Xsts+/ v? ds .

0 0

But now dXs =uds +vdWs =04 vdW, and X is a martingale and

t t
X2 =X2+ / 2XvdWs  + / v? ds
0 0

martinga‘lg part, Z increasing process part, At
This is the Doob-Meyer decomposition of the submartingale (X?).

Note that X? — fot v? ds is the martingale part. If v = 1, then fg vids =t
and so this says that X? — ¢ is the martingale part. But if v = 1, we have
dX =vdW = dW so that X; = Xo + W; and in this case (X;) is a Wiener
process.

The converse is true (Lévy’s characterization) as we show next using the
following result.

Proposition 6.14. Let G C F be o-algebras. Suppose that X is F-measurable
and for each 6 € R
E<ei0X | g) _ 679202/2

almost surely. Then X is independent of G and X has a normal distribution

with mean 0 and variance o2.

Proof. For any A € G,
E(e®X 1) = B(e™7"/2 1)
= e P2 B(1,)
= "2 p(a).
In particular, with A = ), we see that
E(eiOX) _ 00?2
and so it follows that X is normal with mean zero and variance o2.

To show that X is independent of G, suppose that A € G with P(A) > 0.
Define @) on F by

 P(BNA)  E(1alp)
OB) = =Py = pA)
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Then @ is a probability measure on F and

EQ(eiGX) — / ei@X dQ

Q

:/eiGX ap
o P4

E(eiGX ]-A)
P(A)
— 6—9202/2

from the above. It follows that X also has a normal distribution, with mean
zero and variance o? with respect to Q. Hence, if ® denotes the standard
normal distribution function, then for any = € R we have

P{X <z}nA)
P(A)
= P{X<z}nA) =P(X <z)P(A4)

QX <z)=®(x/0) =

=®(x/0) = P(X <x)

for any A € G with P(A) # 0. This trivially also holds for A € G with
P(A) = 0 and so we may conclude that this holds for all A € G which means
that X is independent of G. n

Using this, we can now discuss Lévy’s theorem where as before, we work
with the minimal Wiener filtration.

Theorem 6.15 (Lévy’s characterization of the Wiener process).
Let (X;)i<T be a (continuous) L2-martingale with Xo = 0 and such that
X? —t is an L'-martingale. Then (X;) is a Wiener process.

Proof. By the £2-martingale representation theorem, there is 3 € K7 such
that

t
Xt:/ B(s,w)dWs.
0

We have seen that d(X?) = dZ; + % dt where (Z;) is a martingale and so by
hypothesis and the uniqueness of the Doob-Meyer decomposition d(X?) =
dZ + dA, it follows that 32 dt = dt (the increasing part is A; = t).

Let f(t,x) = €% so that 9;f = 0, Opf = i0€" and Oy f = —62 €% and
apply It6’s formula to f(t, X;), where now dX = fdW, to get

d(e?Xt) = =3 62N dX,dX; +i0 et dX,
82 dt=dA;=dt BdW;
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So . .
e 0Xe _ 10X — —% 6? / e0Xu du + iﬁ/ X 3 aw,
S S

and therefore

t t
P0Xe=Xe) _ 1 — ~l¢? / ew(Xu—Xs)dquig/ eV Xa=Xs) g aw,  (x)

Let Y; = fg e Xu B dW,. Then (Y;) is a martingale and the second term on
the right hand side of equation (x) is equal to i e7Xs (Y; — Y;). Taking the
conditional expectation with respect to Fg, this term then drops out and we
find that

t
E(eiO(thXs) |F5) 1= _% 92/ E(eie(Xu*Xs) |fs) du .

S

Letting o(t) = E(e??Xt=X:) | F,), we have

t
o(t)—1= 502/ o(u) du
— () = =5 6% p(t) and p(s) = 1
— (’O(t) — Ce_(t_s)92/2

for t > s. The result now follows from the proposition. "

Cameron-Martin, Girsanov change of measure

The process Wi+ put is a Wiener process “with drift” and is not a martingale.
However, it becomes a martingale if the underlying probability measure is
changed. To discuss this, we consider the process

t
X, =W, —|—/ p(s,w) ds
0

1
where p is bounded and adapted on [0,7]. Let My = e~ JondW—3 Jyu®ds

Claim: (M;):<7 is a martingale.

Proof. Apply Itd’s formula to f(¢,Y) where f(t,x) = e* and where Y} is the
process Y; = — fgudW—% JMQ ds so My = €'t and dY = —pdW — 1 p? ds.
We see that 0;f =0 and 0, f = Oy f = € and therefore

dM =d(e¥) =0+ eV dY dY + ¥ dY
= %ey p?ds + e¥ (—pdW — %,uz ds)
= —pe¥ dw

and so M; = et is a martingale, as claimed. "
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Claim: (X; M;);<7 is a martingale.
Proof. 1t6’s product formula gives

d(X M) = (dX) M + X dM + dX dM
= M(dW + pds) + X(—puM dW) + (—uM ) ds
— (M — uX M) dW

and therefore .
X M, = X0M0+/ (M — uXM) dW
0

is a martingale, as required. n

Theorem 6.16. Let QQ be the measure on F given by Q(A) = E(14 M) for
A e F. Then Q is a probability measure and (Xi)i<T is a martingale with
respect to Q).

Proof. Since @ is the map A — Q(A fA M7 dP on F, it is clearly a
measure. Furthermore, Q(Q2) = E(MT) E(M)y) since M; is a martingale.
But E(My) =1 and so we see that () is a probability measure on F.

We can write Q(A) = [, 14 M7 dP and therefore [, f dQ = [, f My dP
for Q-integrable f (symbohcally, dQ = My dP.) (Note, incidentally, that
Q(A) =0 if and only if P(A) =0.)

To show that X; is a martingale with respect to Q, let 0 < s <t < T
and let A € F;. Then, using the facts shown above that M; and X; M; are
martingales, we find that

/XtdQ_/XtMTdP
A A
:/E(XtMTU:t) dP, since A € Fs C Fy,
A
:/XtMth
A
:/XsMsdP
A

= / E(Xs Mr | Fs) dP
A

/ X Mp dP
/ X, dQ
and so
E9(X|F,) =
and the proof is complete. "
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Textbooks on Probability and Stochastic Analysis

There are now many books available covering the highly technical mathe-
matical subject of probability and stochastic analysis. Some of these are
very instructional.

L. Arnold, Stochastic Differential Equations, Theory and Applications, John
Wiley, 1974. Very nice — user friendly.

R. Ash, Real Analysis and Probability, Academic Press, 1972. Excellent for
background probability theory and functional analysis.

L. Breiman, Probability, Addison-Wesley, 1968. Very good background
reference for probability theory.

P. Billingsley, Probability and Measure, 3rd edition, John Wiley, 1995.
Excellent, well-written and highly recommended.

N. H. Bingham and R. Kiesel, Risk-Neutral Valuation, Pricing and Hedging
of Financial Derivatives, Springer, 1998. Useful reference for those interested
in applications in mathematical finance, but, as the authors point out, many
proofs are omitted.

Z. Brzezniak and Tomasz Zastawniak, Basic Stochastic Processes, SUMS,
Springer, 1999. Absolutely first class textbook — written to be understood
by the reader. This book is a must.

K. L. Chung and R. J. Williams, Introduction to Stochastic Integration,
2nd edition, Birkhduser, 1990. Advanced monograph with many references to
the first author’s previous works.

R. Durrett, Probability: Theory and Examples, 2nd edition, Duxbury
Press, 1996. The author clearly enjoys his subject — but be prepared to fill
in many gaps (as exercises) for yourself.
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R. Durrett, Stochastic Calculus, A Practical Introduction, CRC Press, 1996.
Good reference book — with constant reference to the author’s other book
(and with many exercises).

R. J. Elliott, Stochastic Calculus and Applications, Springer, 1982. Advanced
no-nonsense monograph.

R. J. Elliott and P. E. Kopp, Mathematics of Financial Markets, Springer,
1999. For the specialist in financial mathematics.

T. Hida, Brownian Motion, Springer, 1980. Especially concerned with
generalized stochastic processes.

N. Ikeda and S. Watanabe, Stochastic Differential Equations and Diffusion
Processes, North-Holland, 2nd edition, 1989. Advanced monograph.

I. Karatzas and S. E. Shreve, Brownian Motion and Stochastic Calculus,
2nd edition, Springer, 1991. Many references to other texts and with proofs
left to the reader.

F. Klebaner, Introduction to Stochastic Calculus with Applications, Imperial
College Press, 1998. User-friendly — but lots of gaps.

P. E. Kopp, Martingales and Stochastic Integrals, Cambridge University
Press, 1984. For those who enjoy functional analysis.

R. Korn and E. Korn, Option Pricing and Portfolio Optimization, Modern
Methods of Financial Mathematics, = American Mathematical Society, 2000.
Very good — recommended.

D. Lamberton and B. Lapeyre, Introduction to Stochastic Calculus Applied
to Finance, Chapman and Hall/CRC 1996. For the practitioners.

R. S. Lipster and A. N. Shiryaev, Stochastics of Random Processes, I
General Theory, 2nd edition, Springer, 2001. Advanced treatise.

X. Mao, Stochastic Differential Equations and their Applications, Horwood
Publishing, 1997. Good — but sometimes very brisk.

A. V. Melnikov, Financial Markets, Stochastic Analysis and the Pricing

of Derivative Securities, American Mathematical Society, 1999. Well worth a
look.
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P. A. Meyer, Probability and Potentials, Blaisdell Publishing Company, 1966.
Top-notch work from one of the masters (but not easy).

T. Mikosch, Elementary Stochastic Calculus with Finance in View, World
Scientific, 1998. Excellent — a very enjoyable and accessible account.

B. @ksendal, Stochastic Differential Equations, An Introduction with
Applications, 5th edition, Springer, 2000. Good — but there are many results
of interest which only appear as exercises.

D. Revuz and M. Yor, Continuous martingales and Brownian motion,
Springer, 1991. Advanced treatise.

J. M. Steele, Stochastic calculus and Financial Applications, Springer, 2001.
Very good — recommended reading.

H. von Weizsacker and G. Winkler, Stochastic Integrals, Vieweg and Son,
1990. Advanced mathematical monograph.

D. Williams, Diffusions, Markov Processes and Martingales, John Wiley,
1979. Very amusing — but expect to look elsewhere if you would like detailed
explanations.

D. Williams, Probability with Martingales, Cambridge University Press, 1991.
Very good, with proofs of lots of background material — recommended.

J. Yeh, Martingales and Stochastic Analysis, World Scientific, 1995. Excellent
— very well-written careful logical account of the theory. This book is like
a breath of fresh air for those interested in the mathematics.
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