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Abstract. We consider a network serving a patchwork of overlapping
regions where jobs from a local region are assigned to a collection of
local servers. Copies of these jobs are simultaneously queued at all the
local servers. When a copy of the job begins service at one of the servers
it is removed from the other queues. The system is equivalent to one
in which the exact service requirement of each job is known at arrival
time, and each job joins the local queue with the shortest waiting time.

We describe how the amount of work in the network becomes large
in the simple case of two servers, with one arrival stream for each server
and a third, routeable arrival stream. If the proportion of routeable jobs
is large enough then the waiting times at the servers become large in
tandem when the total workload becomes large, thus delaying overload
as long as possible. The fact that this resource pooling can be attained
with a local routing policy not dependent on the state of the network has
engineering significance for load sharing among distributed call centres.

We also compare this ‘join the shorter actual waiting time’ policy
(JSAW) with a join the shorter expected waiting time policy and join the
shorter queue. For some overflow events, we find that the performance
of all three policies is roughly the same in the sense that the probability
of an overflow has the same exponential decay rate under any policy.
Although the JSAW policy is the best, in these cases its probability
of overflow is only the lowest by a subexponential factor. However,
for other overflow events we find that the JSAW policy is substantially
better.

2000 Mathematics Subject Classification. Primary 60K25; Secondary 60K20.
The authors were supported in part by NSERC grant A4551. SRET was also supported by
Sidney Sussex College, Cambridge.

(©2000 American Mathematical Society
109



110

1 Introduction

Consider a network of call centres, arranged geographically, with the following
queueing discipline. Each customer has one or more local call centres, according to
his location. When he requires service, he queues simultaneously at all of his local
call centres. When he begins service at one of the call centres, his presence in the
other queues is deleted. The room available for queueing is infinite, and all queues
are FIFO (except for deletions).

It is easy to see that this system is identical, in terms of the time at which each
customer is served, to one in which every arriving customer joins the queue among
those local to him with the shortest actual waiting time. We call the latter policy
‘join the shorter actual waiting time’ or JSAW. The simultaneous queueing at all
local call centres is just a device to allow this policy to be implemented without
knowing the service requirements of customers in advance.

The JSAW policy is also of interest in its own right. Intuitively, it seems that it
should be advantageous to base routing decisions on the actual waiting time in each
queue, if this is known, rather than just on the queue length. In order to examine
this intuition, we shall compare JSAW with two other policies. In ‘join the shorter
expected waiting time,” or JSEW, each arriving customer joins the queue for which
the number of customers divided by the service rate is smallest. In ‘join the shorter
queue,’” or JSQ, it is assumed that the service rates of the queues are not known,
and each customer simply joins the queue with the smallest number of customers.

We shall see that JSAW sometimes has comparable overflow probability to
JSEW and JSQ, but is sometimes far superior, depending on the exact overflow
event under consideration. Furthermore, in some ways, JSAW can be implemented
with less knowledge of the state of the network than JSEW or JSQ. JSEW requires
knowledge of the relative service rates of each queue, which may well be unrealistic
in practice, whereas the ‘simultaneous queueing’ implementation of JSAW requires
no such knowledge. And even JSQ requires up-to-date knowledge of the current
queue lengths at the time of each arrival, which simultaneous queueing again does
not need. It is true that JSAW does require communication between servers when-
ever a customer begins service, in order to delete that customer’s presence in the
other queues. On the other hand, JSAW has the additional advantage of providing
automatic recovery when a server fails since customers at the failed server are al-
ready queued elsewhere. Moreover recovery under JSAW automatically maintains
sequencing. For these reasons, we expect that simultaneous queueing may find
application in call centres and in other similar models such as DNS servers.

The outline of this paper is as follows. In the next section, we shall define our
model more exactly. In Section 3 we shall examine the model in a large deviations
limit, using the methods of Turner [7]. In Section 4 we shall use the h-transform
method of Foley & McDonald [4] and McDonald [5]. A subsidiary aim of this paper
is to compare these two approaches. We shall see that the former approach is
somewhat simpler, but that when the latter is applicable, it yields more powerful
results. Finally, in Section 5 we shall report the results of some simulations and
draw some final conclusions.

2 The model

The model which we shall examine is that described in Section 1 in the case
that there are only two call centres, and only one server at each centre. Thus there
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are three types of customer: those which may only receive service from the first
server, those which may only receive service from the second server, and those which
may be served by either server. Let the arrivals of these three customer types be
independent Poisson processes of rates A1, A2 and -~y respectively. Each customer
brings an amount of work which is distributed as Exp(1), independent of any other
quantity in the model. The servers serve at constant rates p; and ps respectively.
The possible queueing disciplines — JSAW, JSEW and JSQ — have already been
described in Section 1. For definiteness, we shall assume that in the case of a tie,
routeable customers are routed to the second queue.

It is not unreasonable to model customer arrivals to a call centre or DNS server
over a moderate period of time by a Poisson process. It is however unlikely that
an exponential service time is appropriate for all models, and this assumption is
introduced primarily for simplicity of analysis. We could assume more generally
that each customer brings an amount of work with a short-tailed distribution with
mean 1. The large deviations theory to analyse this generalization is not yet avail-
able, but we shall make a few comments about how to analyse it using the method
of h-transforms at the end of Section 4.1.

We need to introduce some notation. First, let Ay = A1 + Ao+, g+ = p1 + po,
p1 = Ai/p1, p2 = X2/pe, and pp = Ay/pg. Then let Q(t) = (Q1(t), Q2(t))
denote the queue sizes at time ¢, L(t) = (L1(t), L2(t)) the workload remaining in
each queue, and S(t) = (S1(¢), S2(t)) = (L1(t)/ 1, La2(t)/p2) the times required to
complete that work.

It is clear that the following condition is necessary for the stability of the system
under any routing policy.

Condition 2.1 p; <1, po <1 and p; < 1.

For JSQ, Condition 2.1 is shown to be a sufficient condition for the stability
of the queue sizes in Foley & McDonald [4]. In Section 4.3 we show that under
JSEW, Q(t) is stable if Condition 2.1 holds. In Section 4.1 we show that under
JSAW, S(t) is stable if Condition 2.1 holds. Consequently the system is stable for
all three policies if and only if Condition 2.1 holds. We shall assume Condition 2.1
throughout this paper.

We shall also sometimes assume one or both of the following additional condi-
tions.

Condition 2.2 p; > max{p1, p2}.
Condition 2.3 v > |p3 (u2 — p1) + (A1 — A2)|.

Informally, these conditions will ensure that ~ is sufficiently large to be able to
balance the two queues. In the case that u1 = pe, they both reduce to the natural
condition that v > |A1 — Az|. Otherwise, Condition 2.3 is a stronger condition than
Condition 2.2. An intuitive explanation of these conditions can be found in [7].

If we let X (t) = (X1 (t), X2(t), .. , XQ, (1) (t)) be the remaining service times for
the customers in the first queue (X;(¢) being that customer currently in service)
and similarly ?(t) for the customers in the second queue, then the process

M(t) = (Qu(1),Q=(8), X (1), V(1)) (2.1)
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is Markovian, whichever queueing discipline is being used. Let mg, mg and w4
be the stationary distributions of M (t) under the policies JSQ, JSEW and JSAW
respectively.

There are several possible ways to measure the overload of the system. For
example, if queueing space was costly, one might consider the system to be over-
loaded if @1 (t) and Q2(t) became large. But we shall concentrate in this paper on
overflow events concerning the total amount of work in the system, L;(t) + Lo(t),
and the maximum waiting time, max{S1(¢), S2(t)}. None of these measures is right
or wrong in itself, and indeed many others are possible. Different ones may be more
or less relevant for different networks.

3 Large deviations

In this section, we shall consider the system using the large deviations methods
of Turner [7] in this volume. A more detailed exposition can be found there. We
shall assume throughout this section that the process has been scaled in the usual
large deviations way, by dividing the jump sizes by n and multiplying the speed of
the process by n. Variables with superscript n’s will represent this scaled process.

Let C be a fixed constant, and consider the event that the total scaled workload
of the system reaches u C in its first excursion from 0 (the p is just for notational
convenience). By the results of Dupuis & Ellis [2], the scaled workload process obeys
a large deviations principle, and so there is a large deviations rate corresponding
to this event. (In fact [2] only directly proves a large deviations principle for the
process over a finite scaled time interval [0,7], but the large deviations rate is the
same for all sufficiently large 7', and thus by Lemma C.4 of Shwartz & Weiss [6]
applies also for the time interval [0, 00).)

Now consider the pooled system consisting of a single M/M/1 queue with
arrival rate A4 and service rate py. The large deviations rate for this queue to
reach scaled workload p4 C during an excursion is py C(1 — p;) (see, for example,
Section VI.9(e) of Feller [3]). Now the JSAW system can be coupled with this
system in such a way that the total workload of the JSAW system is always greater
than that of the pooled system. Thus the large deviations rate for the JSAW system
to reach scaled workload pyC' is at most py C'(1— py).

Now consider a path to overflow which leaves the diagonal L7 /u; = L%/ s at
(u1k, p2k), and then overflows the line LY + LY = puyC at (a,usC — a), where
a > p1C. The tail portion of this path, after it has left the diagonal, has large
deviations rate at least

A2 + ’7)

(a — mk) (1 - %) + (1s.C — a — pok) (1 .

But by the assumption that p. > max{p1, p2}, it follows that (Aa +7)/p2 > A1 /pa,
and thus that the derivative with respect to a of expression (3.1) is strictly positive.
Thus the large deviations rate of the tail portion of the path is strictly greater than
the value of (3.1) with a = 1 C, that is,

A A2 +
(@ =1 (1-20) 4 oo - (1- 247)
%31 2
= pu(C—k)(1—py),
and by the comparison with the pooled system, this is a contradiction. So, exactly
as in [7], we have shown enough to prove the following theorem.

(3.1)
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Theorem 3.1 If Conditions 2.1 and 2.2 hold, then in the large deviations
limit the JSAW system reaches total scaled workload pyC by travelling along the
diagonal, with large deviations rate py C(1 — py).

It may be that we are worried about the waiting time for any customer becoming
large. We can also consider such overflow events by this method. The event of
interest is that L} > p1C or LY > pueC during an excursion. Conditioning on the
last point, (u1k, pok), which the overflow path touches along the diagonal, the large
deviations rate for this is

inf{ju k(L= 1) + ui(C — B(L - pi)}. (3.2)

This expression is linear in k, so the infimum is always attained at k =0 or k = C.
It is then easy to solve (3.2) to obtain the following theorem.

Theorem 3.2 If Conditions 2.1 and 2.2 hold, then the large deviations path
for the JSAW system to reach scaled waiting time C in either queue is along the
diagonal if v > max{ps — M, 2 — A2}, with large deviations rate pu C(1 — py);
otherwise along the azxis corresponding to the smaller value of u; (1 — p;), with large
deviations rate u;C(1 — p;).

The JSEW and JSQ policies have already been analysed in [7]. So it is next
natural to want to compare the JSAW policy with those policies, to see if one
has an advantage in terms of large deviations rates of overflow. However such a
comparison is not immediate, because the state spaces and overflow events normally
used for these policies are not the same. In the JSAW model, the state space is
the actual waiting times in each queue and the overflow events concern the actual
waiting times becoming large. In the JSEW and JSQ models, the state space is the
two queue lengths, and the overflow events concern the the queues becoming long
(which is equivalent to the expected waiting times becoming large).

To put this another way, for the comparison one wants to look at the large
deviations rate for the actual waiting time becoming large in the JSEW or JSQ
system. But the actual waiting time becoming large is not an event in those policies’
natural state space. One can of course extend the state space to include the actual
waiting times of each customer, as at equation (2.1), but there does not seem to be
any way to obtain a large deviations principle for this extended process.

This problem is not confined to our model. Most large deviations results for
overflows in queueing systems consider the queues becoming large. But in many
networks, what the operator of the network is actually concerned about is whether
waiting times become large. The queues becoming large is just used as a substitute
for this because it is easier to analyse. But one cannot immediately translate from
one result to the other, because during an overflow of waiting times, the waiting
times of the customers already queueing are not typical. The waiting time of an ar-
riving customer becomes large both by the number of customers queueing becoming
large and by them having larger service requirements than typical customers.

However, we are able to deduce an upper bound on the large deviations rate
for the actual waiting time becoming large in the JSEW and JSQ systems from
the large deviations principle for the queues becoming large. We are grateful to
Dr Y. Git of the University of Cambridge for observing this result.
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Theorem 3.3 If Conditions 2.1 and 2.2 hold, then the large deviations rate
for either the JSEW or the JSQ system to reach total scaled workload pyC is at

most p+C(1 — pg).

Proof Let g > 0 be fixed. Let L™?* be the maximum total unscaled workload
during a busy period, and if the maximum total unscaled queue length Q™?* during
that busy period is at least ng, let LT be the total unscaled workload the first time
that the queue length reaches at least ng. Then it is immediate that

P(L™* > nl) > P(Q™* > ng)P(L" > nl). (3.3)

But the service requirements of the customers who are waiting for service at any
time are independent of the number of customers in the queue. Therefore L' is
the sum of ng i.i.d. typical workloads, which are Exp(1) random variables. So
by Cramér’s theorem, LT /ng obeys a large deviations principle with rate function
In(t) =t — 1 — logt. Furthermore, assuming Condition 2.2, we know from [7] that
under JSEW or JSQ, the maximum total scaled queue length also obeys a large
deviations principle with rate function Ig(q) = —qlogpy+. (Since the number of
customers in service at any time is at most 2, this large deviations principle is the
same whether or not we included those currently being served.) We can now apply
(liminf L log) to each side of equation (3.3) to obtain

lim inf — log P(L™ > nl) > (~Io(q) — alu (1/)x{l/a > 1)),

n—oo N
where x is the indicator function. Next we can take the supremum over ¢ > 0.
Since Ig(q) is increasing in ¢, the supremum is never attained at ¢ > I. Thus we
obtain

liminf - log P(L™ > nl) > — inf{To(q) + aln(1/a)}- (3.4)
n—oo N q>0

We now wish to solve (3.4). Using the values of I and I above, we find that
the large deviations rate for the event that the total scaled workload exceeds [ is at
most

ir;g{—qlongr+l—q—qlogl+qlogq}. (3.5)
q
Setting the derivative of this expression with respect to ¢ equal to 0,

—logps —1—logl+1+1logg=0,

which is solved by g = lp4. Then substituting back into (3.5), the large deviations
rate is at most

—lpylogpy +1—1lpy —lpylogl + lpy log(lps)
= I(1-pq).
With [ = p C, this is the rate in the statement of the theorem. O

Note that the large deviations rate in Theorem 3.1 is the same as that in
Theorem 3.3. In other words, on the large deviations scale the JSAW policy is
at least as good as the JSEW and JSQ policies, as we would expect. One might
conjecture that in fact Theorem 3.3 holds with equality. This amounts to saying
that the probability of a large workload during an excursion is dominated by the
probability of a large workload at the time the queue is longest (and that the
greatest queue length is that found in the proof of the theorem). One would then
be able to say that the JSAW, JSEW and JSQ policies were equally good in large
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deviations scaling, for this overflow event. In the next section, we shall prove this
result by the method of h-transforms used in McDonald [5] and we shall observe it
in simulations in Section 5.

We can also use a similar method to obtain a bound on the large deviations rate
for the overflow event of Theorem 3.2 under JSEW and JSQ. We shall just sketch
the proof. The idea is to condition on the maximum total queue length during a
busy period, as in Theorem 3.3, but then to consider the probability that just one
of the two queues achieved a large waiting time at that time.

For the rest of this section, we shall assume without loss of generality that
p1 < pa. Then under the JSEW policy, assuming Condition 2.2, we know from [7]
that the large deviations rate to reach total scaled queue length pqis —p4glogp;,
and moreover that this is achieved by reaching individual scaled queue lengths
(114, p2q). The large deviations rate for those customers in the first queue at that
time to have total scaled waiting time at least C' is then

mC — p1g — paqlog(p C) + prglog(piq)-

So the total large deviations rate to reach scaled waiting time C' in this way is, in
an expression parallel to (3.5),

Inf{~prqlogps + mC — png - prglog(uiC) + pglog(u1q)}- (3.6)

This is minimised by ¢ = Cpi+/u1’ giving a rate of pC(1 — pi+/lt1)‘

The calculation for the JSQ case is similar, provided Condition 2.3 holds. In
that case, again from [7], the large deviations rate to reach scaled queue lengths
(u19, p1q) is —2p1qlog po. So (3.6) becomes

;gg{—Zulqlog p+ + 1 C — prg — pqlog(n C) + paqlog(piq)},

which is minimised by ¢ = Cp?, giving an overall rate of 11 C(1 — p3). (If Condi-
tion 2.3 does not hold, then a given total occupancy is not achieved by keeping the
two scaled queues equal. This makes the minimisation harder to write down, but
in principle it can still be solved by the same methods.)

We state our conclusions as a theorem.

Theorem 3.4 If Conditions 2.1 and 2.2 hold, then the large deviations rate
for the JSEW system to reach scaled waiting time C in either queue is at most
wC(1— pi*'/’“). If Condition 2.8 also holds, then the large deviations rate for the
JSQ system to reach scaled waiting time C in either queue is at most u1C(1 — pﬁ_)

Even when Conditions 2.1-2.3 hold, there may still be a cheaper path to over-
flow than that implied by Theorem 3.4. For example, travel along the axis has a
lower large deviations rate than the one in the theorem for some parameters. The
point of this theorem is not to find the best possible rate, but to prove that for
some parameters, the large deviations rate for the JSEW and JSQ systems is strictly
lower than that for JSAW, given in Theorem 3.2. Thus for some overflow events,
such as this one, JSAW can have a lower probability of overflow than JSEW or JSQ
by an exponential factor. This is in contrast to the remarks under Theorem 3.3.
We shall also observe this in simulations in Section 5.
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4 The h-transform method

In this section we shall analyse the model again, this time using the methods
of Foley & McDonald [4] and McDonald [5].
The proof of the following theorem is given in Section 4.1.

Theorem 4.1 If Conditions 2.1 and 2.2 hold, then under JSAW

Py (L1 (t) + Ly(t) € d, Sy (t) — Sa(t) € dz) ~ g—Ae_(l_’”r)edE cp(2)dz (4.1)
Pea Qi)+ Qalt) = 0) ~ 2241 (4.2)

as £ — oo and ¢ — oo, where the convergence is in total variation, fa is defined
at (4.21), and the density ¢ is defined by

| Page+? if z>0
pl(2) = { (1= PB)a_e 1?2l ifz2<0
where

_ (/\2 +7 )\1> M1 a2
ap = (——— ) ——
2 p1/) pr+ pe

o = <A1+’7_)\_2> 1 2
- M1 M2 ) p1+ po

and g = a-
Y

Hence under JSAW the waiting times are strongly pooled in the sense that the
difference between S1 and Sy at overload converges to a random variable.
Denote the time when the workload exceeds £ by Ty. Then

E[T, | S(0) = (0,0)] ~ g3"el!~#+)* (4.3)
where the constant ga is defined at (4.22). Moreover,

1 41 H2 )
2(Li(Ty), La(Ty)) = , 4.4
7 (L1(Te), La(T2)) (MIJFM P (4.4)
1 H1 M2 )
2(Qu(T), Qx(Ty)) — , 45
7 (@1(Te), @2(T)) P+ (u1+u2 it (4.5)

where — denotes weak convergence. Hence the queue sizes are weakly pooled in the
sense of Foley & McDonald [4].

We can compare the above results with those in Foley & McDonald [4] for the
join the shorter queue policy. Proofs are given in Section 4.3.

Theorem 4.2 If Conditions 2.1, 2.2 and 2.8 hold, then under JSQ, as £ — oo
and ¢ — 00,

RML@+%@6%@@—%@=@~%Kmmwwmm(M)

. _ - fQ q
qlggo Pro(@1() +Q2(1) = 0) pr+pe— A+ A +7) o (4.7)
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where the convergence s in total variation and where d, = Ut — Ay, fo is defined
at (4.21) and the density pg is defined by

( )pll(A1+v/2)+p+uz ( P Mtpype )kl ifk>0

p7 Qe+ N+orpr \ p7 Qe+ +otm
pq(k) = . . K1
Ol () <o
where pg(0) = ¢(0) is defined to be
( _ pll(/\1+7/2)+f;ru2 A pll(/\2+7/2)+fl+u1 >_1_
py et tetpi—(py Mtpin2)  pL (At+v)+otp2—(py Aatpip1)
If the time when the workload exceeds £ is again denoted by T;, then under JSQ
E[T; | $(0) = (0,0)] ~ gg'el! =7+ (4.8)
where the constant gg is defined at (4.22). Moreover,
%Ll(Tg) - % and %Lz(TZ) - % (4.9)
TT) 52 and Qu(m) - 2 (4.10)

where — denotes weak convergence again.
In Section 4.3 we also sketch the corresponding result for JSEW.
Theorem 4.3 If Conditions 2.1 and 2.2 hold, then under JSEW,

P, (Ll(t) + Lo(t) € de, 28 — &0 ¢ dz) ~ L em(=rtdl - p(2)dz (4.11)

Prp(Q1(t) + Q2(t) = q) ~ ‘%Pi (4.12)

as £ — oo, where the convergence is in total variation and where fg is defined
at (4.21). The density ¢ is defined on the additive subgroup {m/u1 +n/u2} where
m and n are integers.

If the time when the workload exceeds £ is again denoted by T;, then under
JSEW

E[T; | $(0) = (0,0)] ~ g5' e 74" (4.13)
where the constant gg is defined in (4.22). Moreover, as for JSAW,

1 U1 p2 )
—(L1(Ty), Lo (T, — , 4.14
T~ (e (4.14)
1 a1 H2 )
- T), Q=(T, — , 4.15
7 (@1(Te), @2(T)) P+ (,u1 i It (4.15)

where — denotes weak convergence. Hence the queue sizes are weakly pooled in the
sense of Foley & McDonald [4].

If Conditions 2.1-2.3 hold, all three policies are roughly equivalent for overflows
of the total workload and total queue size. In particular, all policies give the same
rough asymptotic probability of a large deviation of the total workload to level £,
namely exp(—(1 — p4)£), and of a large deviation of the total queue size to level
q, namely pi. When the rare event of interest is a large deviation of the total
workload, then if Conditions 2.1 and 2.2 hold, JSAW strongly pools the waiting
times while the queue lengths are weakly pooled. JSEW has the weaker property
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of strongly pooling the expected waiting times when a large deviation of the total
workload occurs. Under JSQ the queue lengths are strongly pooled when a large
deviation of the total workload occurs but only if Condition 2.3 holds. In this sense
JSAW and JSEW are more robust policies than JSQ because under those policies
we obtain strong pooling without Condition 2.3.

4.1 Exact asymptotics of JSAW. In this subsection we use an extension
of the h-transform method developed in McDonald [5] and Foley & McDonald [4]
to prove Theorem 4.1. Here is an overview of the method. We wish to calcu-
late the probability of large deviations trajectories of a Markov chain W (here a
process with two components; one the workload and the other the difference of
the waiting times at the two queues) to a set F' (here, F' represents states where
the workload exceeds £). We find a boundary A (here, the states where either
queue is empty) and a function h such that h is harmonic for W outside A and
simple on F (here, h is just a function of the workload). Then we can construct
the h-transformed process W™ on A°. The ratio of the likelihood of a path from
wo € A to wy € F without hitting A under W to the likelihood of that path
under W is h(wg)/h(wys). Hence, if this path is likely under W then 1/h(wy)
measures just how unlikely the path is under W and in fact gives the asymptotics of
the steady state probability of F' as F' becomes rare. This trajectory is weighted by
the factor 7(wg)h(wo), and Condition 6 in McDonald [5], checked below, requires
the total weight [, . m(dwo)h(wo) to be finite.

We start by defining the generator G of the Markov process S(t). S(¢) is a
Markov process in [0,00) x [0,00) whose two components decrease linearly with
time between jumps. At a point (z,y) where x > y the waiting time of the first
queue exceeds the second so the second queue receives the discretionary customers.
Consequently the waiting time of the second queue increases by jumps of exponen-
tial size with parameter ps at a rate Ay 4+ while the waiting time of the first queue
increases by jumps of exponential size with parameter u; at a rate A;. Hence if f
is a smooth function on [0, 00) x [0,00) and z > y then

Gfay) = ~xlo >0 k(@) - xl> 0} g (@)
a1 [T+ 5) = fe)ln exp(-pms) ds

+ (et ) / Ty + 5) — £,y exp(—puas) d,

where x is the indicator function. Similarly if z < y,
_ of of
+Ou+) [ e+ s) = Fo)l exp(—pus) ds
0

e / Tl @y +5) = (2, ))z exp(—pias) ds.

We can easily check that S(t) is stable under the join the shorter waiting time
policy. It suffices to consider the Liapounov function V(z,y) := ui1a? + poy?. If
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r2y2>0,
oo
GV(y) = ~2ma =2y + A | o+ -2l exp(-pus) ds
0

+ (A2 +7)p2 /Ooo[(y + 5)* — Y] o exp(—pas) ds

=2z —2p2y + M (22 + 2/p1) + (A2 +7)(2y + 2/ p2)
= =2z(p — A1) = 2y(p2 — A2+ 7)) + (A1 /p1 + 2(A2 + )/ p2)

Hence GV (z,y) is bounded above by

{ =2z(p1 — A1) + (A1 /1 +2(A2 +7)/ p2) if pa > (A2 +7)
—2z(p1 + p2 — (M + A2 +7)) + (A /p1 + 22 +7) /p2) i po < (A2 +7).

In either of these cases we have GV (z,y) < —1 for z sufficiently large by Con-
dition 2.1. We can do a similar calculation for x < y, so we conclude that
GV (z,y) < —1 except for a finite region near (0,0). It follows that S(t) is sta-
ble.

In order to convert this problem into the Markov additive framework of Mc-
Donald [5] we make a change of variable, v = pyz + poy and z = z — y. In these
new coordinates we have an equivalent process

W(t) == (Wi (t), Wa(t)) = (1151 (t) + paSa(t), S (t) — Sa(t))

defined on D := {(v,2) = (mx + p2y,z — y) : z,y > 0}. Let the boundary of this
domain be

A = Ay UA, where Ay := {((u2y, —y),y > 0}, Ay := {(mz, ),z > 0}.

The associated generator L is

dg
%(’U, Z)

+ / [9(0 + 18, 2 + 8) — g(v, 2)] 1 exp(—pur5) ds
0

Lg(v,2) = —(mx{(v,2) € D\ A1} + pox{(v,2) € D\ As})

+ et ) / Tl 0+ a8,z — 5) — F(v,2)] g exp(—pas) ds

if z > 0, where g is any smooth function. Similarly if z < 0,
Z]
Lyg(v,2) = —(ux{(v;2) € D\ Ar}+ p2x{(v,2) € D\ Az}) 5 (v, 2)
oo
+ O [l s,z +5) = g(0,2)] i expl(—pus) ds
0

+ X2 /0°°[f(v + p2s, 2 — 8) — f(v,2)] p2 exp(—p2s) ds.

W is a Markov process on D with a stationary distribution which by an abuse
of notation we continue to denote by m4. The overflow set F; becomes the set
{(v,2) : v > £}. To apply the theory in McDonald [5] we need to consider the free
process on (—00,00) X (—00, 00) with generator L* extended from L by removing
the boundary A. It is easy to verify that h(v,z) = exp((1 — p4)v) is a harmonic
for this generator, that is, a solution to L®h(v, z) = 0.
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For z > 0 and any smooth function g we now calculate the generator of the
twisted or h-transformed process. Free quantities have a superscript of co while
twisted quantities are denoted with calligraphic letters as in McDonald [5].

£7(0,2) 1= 7o L¥[h(0,2) - (0,2)
= e (1mpe <—(H1 + M2)% (e(l—p+)vg(v7z)))

+e(=p)vy «
o
/ (0P 4 g 4 pys, 2+ 5) — 0P+ (v, 2)] pua exp(—pns) ds
0
Fem =0 (3, 4 1) x

o0
/ [e“*"”(”“‘”)g(v + pips, z — 5) — e PH)g(w, Z)] 12 exp(—p28) ds
0

0
= (1 +p2)5-9(v,2)
+Aipy! / [9(v + p1s, 2 + 5) — g(v, 2)] 1 p+ exp(—p1py5) ds
0
+ (A2 +7)p3t / [9(v + p28, 2 — 8) — g(v, 2)] p2p exp(—p2p+s) ds.
0

The final equality follows by adding and subtracting e(!=P+)(v+r18)g(y 2) to the
first integral and e(1=P+)(v+129) (4 2) to the second integral in order to pull out
g(v,2)L®h(v, z) = 0.

Similarly for z < 0

£%g(v,2)
=~ + ) 5e0(0:2)
= M1 T f2 6119 >
+ (M +)p3! /0 [9(v + p1s, 2 + 8) — g(v, 2)] p1p+ exp(—p1p4-5) ds
2007 [ lao s,z = 5) = g(0,2)] pap expl(—paps) ds
0

We see that the twisted process W is a Markov additive process whose Mar-
kovian part W corresponds to the difference between waiting times of two queues
having exponential service times with parameters p1p4 and popy respectively. The
additive part W™ corresponds to the total workload in the system. Dedicated jobs
arrive at the two queues with twisted rates \; pjrl and As pjrl respectively while dis-
cretionary jobs arrive at the twisted rate 'ypjrl. We note that this twisted system
is precisely that discovered in Foley & McDonald [4].

We now calculate the steady state of W . We make an Ansatz and suppose
that the density of the steady state is given by

_ | Baje %+ if 2> 0,
wle) = { (1= pB)a_e—-l* if z <0. (4.16)
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We ignore the additive component of W and match the flow into and out of an
infinitesimal neighbourhood of z > 0. This gives

P (A + A2 +7)p(2)

= Alpll/o i py exp(—p1p1(z — u))p(u) du
+ (e + )03t / p2p+ exp(—p2p+ (u — 2))p(u) du

+ (A1 + )03 / 14 exp(—paps (2 + w))p(—u) du.

Substituting in (4.16), we get
Pt + A2 +7)Bag e+

z
= Ape 1Pz / exp(u(pp+ — ay))Bay du
0 o0
+ (A2 + ) paet?P+* / exp(—u(p2p+ + ay)Bay du
z

+ (M + 'y),ule_‘“’“fz/ exp(—u(p1p+ +a-))(1 — B)a- du
0
or
P O+ A2+ 7)Bage

= )\1/~L16_N1P+z/3a+; (e(mp+—a+)z _ 1)
Bip+ — Qe

1
+ A2+ u26a+e"2”+z76—(u2p++a+)z
( ) H2p+ + Qg

1
+ (M + 1—BRa_e MP+z
(A + 7 (1= 5) P
)\1M150<+ e~ 7%+ _ e—;up_T_lz) + ()‘2 + ’Y)/J/Z/Ba-l- e 7o+
H1py — Qo H2p + Qo
+ ()‘1 + 7)”1(1 - /B)a— e H1P+Z
H1py +
The only way this equation can hold for all z > 0 is for the terms in exp(—a4.2) to
balance and the terms in exp(—p1p42) to cancel. This means that

~ A fa (A2 + ) p2fa
L 1H1Pog T)H2P O
AL+ A +7)Bay = + 4.17
Py (AL 2 +7)Bay [Py — g U2py + Qg ( )
A1 Boy _ M+ 7)1 = Ba ) (4.18)
Hlp-‘r —Oé+ H1p++a_

And by a similar calculation for z < 0,

M+ 7)1 = Ba- + Aopiz(1 — Bla—

1
At +9)1=Ba- =
pi( fpy +a_ paps — Qi

(4.19)
Aapp(1=Bla- (e +7)mfay

(4.20)
H2p+ — H2p4 +
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By inspection, the solution to (4.17)—(4.20) is that given in Theorem 4.1. We
remark that we require Conditions 2.1 and 2.2 in order to have a steady state. We
also note that the mean drift of the twisted process in the strongly pooled case is

Jl = +u2—(/\1 +)\2+’Y) > 0.
As in McDonald [5], we define fa, fr and fqg as follows:

fi:= / i (dz, dy) h(x,y)P(z’y)(W{x’ — oo without hitting A). (4.21)
(z,y)€A

where ¢ represents A, E or () according as JSAW, JSEW or JSQ respectively is
being used. f; is nonzero because the mean drift is positive. Similarly g4, gr and
g¢q are defined by

gii=fi- / =PV (), (4.22)

where p is the steady state of the excess ladder height process W°°(72) — /4. In
practice, g can be estimated using importance sampling. Since 7 and the twisted
process W differ according to the routing policy used, f and g do too.

We still need to check Conditions 6 and 7 of McDonald [5]. Condition 6 is
shown in Section 4.2, and Condition 7 is automatic. Putting all these facts together
and applying Theorem 1.6 in McDonald [5] gives (4.1). Applying Theorem 1.10 in
McDonald [5] gives (4.3).

Denote the queue size of the first queue at the moment of workload overload
by Q1(7¢) and that of the second by Q2(T¢). The large deviation was produced by
a sequence of i.i.d. service times X' having mean (u1p4)~" for the first queue and
X? with mean (p2p4)~! for the second. Hence

Q1(Te) Q2(Te)
ST = > Xl and S(Te) = > A7
i=1 i=1
Since S1(7T¢) ~ S2(T¢) and

1
14
(4.4) follows immediately. It also follows that

(L1(Te) + L2(Te)) = 1,

P+ P+H2
Q1(Te)/t — ot and Q»(T,) /¢ — ot
This gives (4.5).

We now turn to equation (4.2). Redefine W (¢) := (Q1(t)+Q2(t), M (¢)). Extend
the definition of 74 to be the steady state of W. Also extend A to be those states
where one of the queues is empty (so the waiting time is zero). This process
may be imbedded into a Markov additive process W with additive component
Q1(t)+Q2(t) by removing A. Note that there is no W component. Let w = (g1 +¢2,
(a1, 42, %, %)) be some state of W (t). As in Foley & McDonald [4], h(w) := p?
is seen to be harmonic for JSQ. Now remark that h is harmonic for the JSAW
and JSEW also! This means the associated twist is same; that is, identical to that
derived earlier in this section. We can now apply Theorem 1.6 in McDonald [5] to
get (4.2) if we can check all the conditions in McDonald [5] for this new process W.
Only Condition 6 is non-trivial.
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Condition 6 amounts to showing that

Y pimalQi=q1,Q2=0) < oo

9120
and Z PrPmA(Q1 =0,Q2 = ¢2) < .

q220
Note that the workload at the first queue L;(t) given the number of customers
Q1(t) = q1, Q2(t) = g2 in each queue is a sum of ¢; independent, exponential
random variables with mean 1. Hence,

Er, (exp((1 = p3) (L1 (8) + La(®)) | @1 = @1, @ = 0)
N (/ exp<<1—p+)ms)me‘“”ds>

=0
—q1

P+

Consequently,

> pi 1 ma(@Qr=q1,Q2 =0)

q1>0
= En, (exp((1 — p1)(L1(8) + L2(8)))x{Q2 = 0})
= Eqr, (exp((1 = p4)(L1(1))x{S2 = 0})

= /oo 7A(S1 € dx, Sy = 0) el 7P+)ImT
So it remains to prove (ichat
/oo 7a(Sy € dx, Sy = 0) el rHIme = /oo ma(dz,0) el P < o0 (4.23)
and ’ ’

o oo
/ 74(S1 =0,8; € dy) elt—P+H2y = / 7a4(0,dy) e PRV < oo, (4.24)
0 0
Consequently we will have Condition 6 for the harmonic function of the total queue
size, p;(‘”ﬂZ), when we have checked Condition 6 for the harmonic function of the
total load, exp((1 — p4)(p1x + p2y)), in Section 4.2.

We now comment on the extension where the arriving workloads are not ex-
ponential. If the work brought by each customer has density o then a customer
routed to the first queue increases the waiting time there by an amount x with
density p1o(uix). Similarly the density of the increased waiting time y caused by
a new customer at the second queue is pao(u2y). We can generalize L™ by replac-
ing w1 exp(—p1z) by pro(piz) and ps exp(—pax) by peo(p12). It is easy to check
that h(v, z) = exp(6v) is harmonic for this generalized L* if there exists a solution
a = 0 > 0 to the equation

T(a)=1+p;'a. (4.25)

where T'(a) := [~ e**o(v)dv.

T(a) is convex and, by hypothesis, has a derivative at & = 0 less than p;l,
the derivative of the right hand side at o = 0. Consequently such a 8 exists as
long as T'(a) < oo for « in an interval from 0 up to 6, the point of intersection
of the curves given by T'(«) and the right hand side of (4.25). This means that o
must be short-tailed. This would be the case if T(a) < oo on an interval where
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0<a< 2(/)_;1 — my)/m2 where m; and mg are the first two moments of . (To
see this, just do a second-order Taylor expansion of T').

With this harmonic function we can calculate the twisted kernel as above. In
the twisted system each customer brings a reduced amount of work having density
e?a(v)/(1 + p;'0) while the arrival rates are increased by a factor of 1 + p 6.
We shall not pursue this generalization further, but it is clear that if the system
is pooled, the probability that the workload in the system reaches a high level £ is
roughly exp(—6¢).

4.2 Checking condition 6 from McDonald [5]. To check Condition 6 of
McDonald [5] for the harmonic function exp((1 — p4)(u1z + poy)) amounts to
showing (4.23) and (4.24). Below we will construct a Liapounov function v(z,y)
which has the property that, outside a region where both x and y are small,

Gu(z,y) < —x{y = 0} exp((1 — p4)p1z) — x{z = 0} exp((1 — p4)p2y).  (4.26)
Then by a continuous version of Theorem 14.3.7 in Meyn & Tweedie [§],

/WA(dSL',O) empHlme 4 /WA(O,dy)e(I*’“r)“w < 00,
T Yy

and this gives the bounds (4.23) and (4.24), and thus proves Condition 6 of Mc-
Donald [5].
Define the function

Vi(o,y) = exp (1= p)v/(ure)? + (129)?) = exp((1 = p)r),
where r = \/(pu12)? + (uay)?. Define 2y = pyx/r and 2o = poy/r so 22 + 23 = 1.

We shall assume without loss of generality that pu; < po.
Below we shall check that for sufficiently large r,

—cix{y = 0}exp((1 — py)mx) for 0 <y < (u1/p2)w,
GVi(z,y) << CiVi(z,y) for (u1/pe)x <y <z, (4.27)
—cax{z = 0}exp((1 — p4)pay) for 0<z <y.
where ¢1, C1 and cq are all strictly positive.
Now pick 8 € (0,1) such that 21 + 22 > 1/8 whenever z1 < 23 < (u2/p1)z1 and
22 + 22 = 1. Multiplying by r, this implies that \/(u12)? + (u2y)? < B(u12 + poy)
whenever (u1/u2)z <y < z. So if we define Va(z,y) = exp((1 — p4)B(u1z + pay)),
then Vi(z,y) < Va(z,y) for (u1/p2)z <y < =
It is easy to check that
A1+ A
B(A1 + 2+’7))V2($

GVa(e0) = (1= p2) (~(onxta > 0} + paxfy > 0ppp + S F22ED

both for 0 <z <y and 0 < y < z. Define

C=Q1-p4) ((m + p2)B —
We can then rewrite (4.28) as
GVa(z,y) = (1 — p4) (max{z = 0} + pax{y = 0})B — C) exp((1—p+) B(p1 7+ p2y))-

As a function of 8, C has zeros at has zeros at 8 = 0 and 8 = 1, and negative
second derivative on the interval [0,1]. Consequently, for all 0 < 8 < 1, C' > 0.

B(A + Az +v))
1-(1-p4)B8 )"
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Now define V' (z,y) = V(=
y < z then GV (z,y) < C1Vi(z
there. Clearly GV (z,y) < 0if 0
GVa(z,y) <0 there. And

GV (z,0) < —crexp((1 — py)pz) + (C1/C)((1 = p4)Buz — C) exp((1 — p4) B z),

and since 3 < 1 it follows that GV (z,0) < —(c1/2) exp((1 — p4)paz) for x large
enough. Therefore, once we have verified (4.27), we have that for 0 <y <z and r
large enough,

'Y
,y) — (C1/C)CVa(z,y) < 0 since Vi(z,y) < Va(z,y)

)+ (C1/C)Va(z,y). It follows that if (u1/pe)z <
) —
<y < (p1/p2)z since both GVi(z,y) < 0 and

GV (,y) < —Fx{y = 0t exp((1 = p4 )i ).

Similarly, for 0 < z < y, GV(z,y) < 0, since both GVi(z,y) < 0 and
GVa(z,y) <0 there. Finally,

GV(0,y) < —caexp((1 = py)pay) + (C1/C) (1 = py)Bur — C) exp((1 = py.) Bpay)-
Again, since 8 < 1 it follows that GV (0,y) < —(c2/2) exp((1 — p4)p2y) for y large
enough. Therefore, we have that for 0 < z < y and r large enough,

GV(z,y) < 5 x{z = 0} exp((1 ~ p)pay).

The function v(z,y) = 2V (z,y)/ min{c1, c2} now satisfies (4.26) for all non-
negative z and y, and r sufficiently large.
It remains to verify (4.27). First, define

AVi(z,y) = /Om[vl(“s,y)—v1<w,y)]mexp(—ms)ds

BVi(zy) = /Ow[vl(x,yﬂ)—v1<x,y)]mexp<—ms)ds

and note that
—x{z > 0} 52 (2,y) - x{y > 0} 52 (z,9)

+ M AVi(z,y) + (A2 + 7)BVi(z,9) ifz >y
—x{z > 0} 52 (2,y) — x{y > 0} 52 (z, )

+ (M +7)AVi(z,y) + Ao BVi(z,y) if z <y.

GV (.’L‘, y) =

Next,
AVi(z,y)

= / - (6(1—p+) (01 (2 +5)2+(129)® _ o(1—p4) (u1Z)2+(uzy)2) fi1 exp(—pun 8) ds
0

— s / * (eu—m(\/m_g _1>
0

p1 exp(—pa 8) ds

_ e(l—p+)7"/ (eE(T) — 1) w1 exp(—pq8) ds
0

where

E(r):=(1—-py) <\/r2 + 2u1 2187 + ps? — r> .

Now for fixed z; < 1, the derivative of E(r) with respect to r is less than or
equal to 0. Also, using I’'Hopital’s rule, the limit of E(r) as r — oo is

lim E(r) = (1 — py)z1p1 8-
r—00
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Next note that [;° (e”(") —1) py exp(—p15)ds < oo, again using the fact that
z1 < 1. Therefore by the dominated convergence theorem,

0

(I—ps)=
T-(-po)m
as r — o0o.
Similarly

-(-ps)rg (1 — p+)22
e ile. ) 4 7= 0= o

as r — 00. Hence as r = 00, e~ (1=P+)"GV; (x,y) decreases to

(1= py)(—pz1 — po2o + 1_/{{\if,ﬂr)zl + IEA&J_FZB;) f0<y<z
(1 - p+)(_ﬂlzl — M222 + 1£(iillz)lzl + 1_({\322_)@) if0<z<y
{ (L=p1)(91(21) + g2(22)) if0<y<z
(I =pi)(fi(z1) + fa(22)) HO0<z <y
where
z
g1(z) = —mz+tM—F"—+—
R A S (RYRE
z
@(2) = —pz+ Mo +y)——
(2) SRS Al
z
2 = —prt Mty —
f1(z) pz + (A1 7)1_(1_p+)z
fo(z) = —poz4+ro————.
2(2) FH T,
Note that

91(1) + g2(0)
f1(0) + f2(1)

since py > max{p1, p2} by hypothesis.

We now evaluate g1(z1) + g2(22) with 0 < z5 < 21 < 1. First remark that both
g1(2) and g2(z) are convex since both have positive second derivatives. g; has zeros
at 0 and (1 — p1)/(1 — py4) while g5 has zeros at 0 and (1 — (A2 +7)/u2)/(1 — p4).
Since 0 < 21 < 1 it follows that g1(z1) < 0.

Consider the case when z; > (1 — (A2 +7)/u2)/(1 = p4+). Then g2(21) > 0 and
g2(22) < g2(21). Consequently

91(21) + 92(22) < g1(21) + g2(21)

= - 2+ A —
S TG P P
Bt

= T d-s0n (1 =pp)a(l = 21)

< 0.

—(u1 —A1/py) <0
—(2 — A2 /p4) <0

21

The alternative case is when z; < (1—(Aa+7)/p2)/(1—p4). By hypothesis 22 < 21
so it follows that zo < (1 — (A2 +¥)/u2)/(1 — p4). This means that g2(22) < 0.
Consequently g1 (21) + g2(22) <O0.
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This means that g1(z1) + g2(22) < 0 for all 22 +22 = 1,0 < 2z, < z;. By
compactness then g1 (z1) + g2(22) < —d on the same region for some § > 0. Hence
for r sufficiently large, exp(—(1 — p4+)r)GVi(z,y) < —6/2 =: —¢; for 0 < 22 < 2z
or equivalently for 0 <y < (p1/p2)z. This implies the first line of (4.27).

Take any € > 0. In the region 21 < 22 < (ua2/p1)z1 or (u1/p2)x < y < z the
above argument shows that GV;(z,y) < C; exp((1 — p4)r) where

Cr:==(1+¢€)(1-py) sup (91(21) + g2(22))-
z1<z2<(p2/p1)21
This is the second line of (4.27).

Finally, it is easy to check that fi(z1) + f2(22) < 0 when 0 < 21 < (p1/p2)22
(i.e. when 0 < z < y) since we assumed g < ps. We follow the same argument
as above by swapping z; for 2, g; for fo and go for f;. This gives the final line
of (4.27).

4.3 Comparison with JSEW and JSQ. We now compare the JSAW pol-
icy with JSEW and JSQ. The key observation is that the functions piﬁ‘” and
exp((1 — p4+)(p181 + po2s2)) are harmonic for all three policies (at least away from
the boundaries representing empty queues).

We first apply the results in Foley & McDonald [4] to large deviations of the
workload under JSQ. Redefine the process W (t) := (u1 S1(t)+p2S2(t), M (t), Q1(t)—
Q2(t)). Extend the definition of mg to be the steady state of W. Again extend A
to be those states where one of the queues is empty (so the waiting time is zero).
This process may be imbedded into a Markov additive process W with additive
component ;.51 (t) + p252(t) by removing A. The Markovian component is W =
Ql(t) — Qz(t). Let w = (,U,181 + pa2so, (ql, q2, T, y_'), g1 — QQ) be some state of Woo(t)
Extending the results in Section 4.1 we see that h(w) := exp((1 — p4)(p181 + p282))
is harmonic for JSAW. Now remark that A is harmonic for JSQ also! This means
that the associated twist is same; that is, identical to that derived in Section 4.1.

From Theorem 2 in Foley & McDonald [4] we see that W has steady state g
provided Condition 2.3 holds. In order to apply the results in McDonald [5] we
need to verify Condition 6 for mg and h given above. This amounts to checking
that

/ 7Q(S1 € dsy, 82 = 0) el P81 < oo (4.29)
0

and / To(S1 = 0,8y € dsg) el PHH252 < o0, (4.30)
0

Note that under JSQ the future service times
(X1(t), Xa,..., Xg,(p) and (Y1(1),Y2,..., Y0, )
are independent of the current queue sizes (Q1(t), @=2(t)). Consequently,
Erq (exp((1 — p1) (1 S1(t) + p2S2(t))) | Q1(t) = q1, Q2(t) = 0)

o0 q1
= (/ exp((1 — py)p1s) e d8> =pi"
8

=0
Erg (exp((1 = py) (11 51(8) + p252(t))) | Qu(t) = 0,Q2(t) = 2)

o0 q2
= ([ el = pomomeras) = i
8

=0
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Therefore, checking (4.29) and (4.30) is equivalent to checking

Z 1Q(Q1 = q1,Q2 = 0)p " and Z 1Q(Q1=0,Q2 = ¢2)p *,
q1=0

g2=0

but this was shown in Foley & McDonald [4] as long as Conditions 2.1 and 2.2 hold.

Applying Theorem 1.5 in McDonald [5] we get equation (4.6) in Theorem 4.2.
(4.7) was proved in Foley & McDonald [4]. Applying Theorem 1.10 in McDonald [5]
we get (4.8). Recall that the large deviation was produced by a sequence of i.i.d.
service times X} having mean (u1p;) ! for the first queue and X? with mean
(papy) ! for the second. Since Q1(Ty) ~ Qa2(Te) and (u1S1(Te) + p2S2(Te)) /L — 1,
equation (4.10) follows, and from that so does (4.9).

We now sketch the results associated with JSEW. First of all, we show that
stability follows from Condition 2.1. It suffices to consider the Liapounov function
V(gi,q2) = ¢3/p1 +q5/uz2- If G is the generator of the jump process (Q1,Q2) under
JSEW and 0 < ¢1/p1 < g2/ p2 then

(@ +1)?—¢qf (@+1)?*—q

GV(g,2) = (M +7) + Ao
431 H2
_ 1 2 _ 2 . 1 2 _ 2
+M1(CI1 )’ —a +M2(CI2 ) -6
431 2
Hence
A+ A
GV, ) = 2 (()\1 =) R 4 —uz)q—z) + (1—7 +22 +2>

M1 M2 M1 H2

2%()\1 + A2+ - —p2) +o,

IN

where ¢ = (A1 + 7)/u1 + A2/pu2 + 2. For ¢ large enough, this is negative by
Condition 2.1. The cases when ¢ =0 or g2 = 0 or g1 /1 > ga/p2 follow similarly.

We now sketch the proof of the results in Theorem 4.3. For more results con-
sult Coombs-Reyes [1]. Redefine the process W(t) := (u1S1(t) + pa2Sa(t), M(t),
Q1(t)/p1 — Q2(t)/u2). Extend the definition of mg to be the steady state of W.
Again extend A to be those states where one of the queues is empty (so the waiting
time is zero). This process may be imbedded into a Markov additive process W
with additive component u1S7(t) + p2S2(t) by removing A. The Markovian com-
ponent is the difference of the expected waiting times W = Q1 (£)/p1 — Q2(t)/ pa-
This process is rather awkward since the state space may be some subgroup of the
reals.

Let w = (u181 + w282, (q1,q2, %, 9),q1 /1 — g2/ 12) be some state of W ().
Again h(w) := exp((1—py) (1151 +p282)) is harmonic for JSAW and for JSEW. This
means the associated twist is same; that is, identical to that derived in Section 4.1.

Hence the arrival rates are multiplied by pjrl and the service rates are multiplied

by p4.
The strong pooling of the expected waiting times will hold if W is stable. This
follows assuming Condition 2.2 (but not necessarily Condition 2.3) since the mean
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drift for ¥V when q1/p1 > qafpo is

1 1 1 1

1 1
A — + _ = Ao + - = —
p+ 1 ) P+ M2 N p+ ( 2 y) ) P+ M1

M1

1 ()\1 )\2+’Y)

= P+ \———)>
M1 M2

and this is negative if Condition 2.2 holds. Similarly, the mean drift for W is

positive when ¢ /p1 < g2/ po.
In order to apply the results in McDonald [5] we need to verify Condition 6 of
that paper for 7 and h given above. This amounts to checking that

/ 7E(S1 € ds1, Sy = 0) el 7PHIRI3 < oo (4.31)
0

and / 7E(S1 = 0,8y € dsy) e17PHF2%2 < oo, (4.32)
0

Note that under JSEW, like under JSQ, the vectors
(Xl(t), XQ, - 7XQ1(t)) and (Y1 (t), Y'g, sy YQQ(t))

of future service times are independent of the current queue sizes (Q1(t), Q2(¢)).
Consequently,

Erp(exp((1 — py)(u1S1(2) + p252(2))) | Q1(t) = ¢1,Q2(t) = 0)
N (/ exp((1 — pi)p1s) e ds) =pi"

=0

Erp(exp((1 — py) (1 S1(t) + p2Sa(2))) | Q1(t) = 0,Q2(t) = g2)
= ([ el = pomomeras) = i

=0
Therefore, checking (4.31) and (4.32) is equivalent to checking

o o
Z 5(Q1 = q1,Q2 = 0)p " and Z m5(Q1 =0,Q2 = ¢2)p *,
q1=0 q2=0

but this was shown in Coombs-Reyes [1] as long as Conditions 2.1 and 2.2 hold.

Applying Theorem 1.6 in McDonald [5] we get (4.11) in Theorem 4.3. (4.12) fol-
lows similarly. Applying Theorem 1.10 in McDonald [5] we get (4.13). Recall that
the large deviation was produced by a sequence of i.i.d. service times X} having
mean (u1py) " for the first queue and X7 with mean (uaps) ! for the second.
Since Q1(7¢)/ 11 ~ Q2(Te)/p2 and (1 S1(Te) + p2S2(Te))/€ — 1 then by the law of
large numbers equation (4.15) follows, and from that so does (4.14).

5 Simulations

In this section, we report the results of some simulations of the model. First,
10® coupled excursions were simulated for each of the three policies, with the fol-
lowing parameters: Ay = Ay =0, vy = 2, u3 = 1 and ps = 2. For each excursion,
the maximum workload attained was recorded. Thus this simulates the overflow
event, of Theorems 3.1 and 3.3 and Section 4.

Figure 1 shows the log-probability of the event that the maximum workload
exceeds each value. Figure 2 shows the implied large deviations rate. This rate is
close to the predicted value of 1/3 for all three policies. We see from both graphs
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Figure 3 The empirical log-probability of an excessive waiting time in either
queue during an excursion.

that the policies all have very similar overflow probabilities, in spite of the fact that
all of the traffic is routeable (and thus potentially routed differently by the three
policies).

However, as we have already discovered analytically, the observation that the
policies are almost identical in overflow probability is dependent on which overflow
event is used. We also carried out some simulations in which the overflow event of
interest was that of Theorems 3.2 and 3.4, that either waiting time became large.
These results are shown in Figures 3 and 4 for the case A\; = Ay = 0, v = 2.5,
pu1 = 1 and ps = 2, with 2 x 108 excursions for each policy. These figures show
that in this case, the JSAW policy was substantially better than JSEW, which was
in turn substantially better than JSQ. And for these parameters, the results are
close to the bounds given in Theorems 3.2 and 3.4, namely a large deviations rate
for JSAW of puy (1 — py) = 0.5, for JSSEW of pu; (1 — p+/"') & 0.42, and for JSQ of
pi(1—p3) =~ 0.31.

An intuitive way of understanding these results is as follows. Under any policy,
the total workload in the system behaves exactly like that in the pooled system
described at the beginning of Section 3, provided only that the process stays away
from the axes so that neither server is ever idle. Thus any reasonably sensible
routing rule will achieve essentially the same probability of the total workload
becoming large.

However, if the overflow event is that either waiting time becomes large, then it
is not sufficient to stay away from the axes: it now becomes important to stay close
to the diagonal of equal waiting times. If the process strays from this diagonal, then
the overflow set may be reached by a shorter path. The JSAW policy keeps the
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Figure 4 The empirical large deviations rate of an excessive waiting time in
either queue during an excursion.

waiting times very nearly equal; the JSEW policy only keeps the expected waiting
times equal; and the JSQ policy does not even do that. In the terminology of
Foley & McDonald [4], the actual waiting times are strongly pooled under JSAW;
weakly pooled about equality under JSEW; and weakly pooled about another ratio
under JSQ.

In conclusion, we see from the analysis and the simulations that the JSAW
policy sometimes has a substantial advantage over JSEW and JSQ, depending on
exactly which overflow event is of interest. Furthermore, using the ‘simultaneous
queueing’ algorithm of Section 1, it can be implemented without knowledge of the
customers’ service requirements, the servers’ service rates, or even the current queue
lengths. We therefore expect that simultaneous queueing may find application in
distributed queueing networks, such as call centres.
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