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Abstract. We consider large deviations results for a network of two
queues in which some customers may join the shorter queue at arrival
time. The queues may be -/M/oco or -/M/1 queues. We consider the
case in which the routeable customers join the queue with the shorter
expected waiting time, as well as that in which they join the queue with
the fewer customers. This paper is partly a survey of existing results,
and partly new material. One distinctive feature of our presentation is
the phrasing of the results in terms of resource pooling.

1 Introduction

The subject of large deviations is several decades old, but has undergone con-
siderable growth in recent years, fuelled both by theoretical advances and by its
applicability to engineering problems. Failure events in many electronic systems
are now extremely rare, and can be conveniently modelled using large deviations
theory [6, 18].

In this paper we consider a Join the Shorter Queue model in the large deviations
limit. The model was chosen as one of the simplest models to involve a routing
decision. However, even though it is a very simple model, the theory has not been
available to analyse it until recently.

The model is as follows. There are two queues, which may be -/M /1 or -/M /oo
queues. There are three streams of customers arriving at these queues: one stream,
called a dedicated stream, arrives at each queue and must be served by that queue;
the other, called the discretionary stream, may be routed at arrival time to either
of the queues. The queueing discipline is FIFQ. This model is applicable to a
wide range of queueing applications. For example, one can think of a pair of call
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centres with customers allocated geographically, or of two buffers inside a switch in
a network.

We shall make the following mathematical assumptions on the model. The
arrival streams are independent Poisson streams, with rates A\; and A, for the dedi-
cated streams and v for the discretionary stream. All service times are independent
of each other and of the arrivals processes, and are exponentially distributed. In the
case of -/M /1 queues, we shall assume that the service times at the two queues have
means g1 and po. In the case of -/M /oo queues it is more natural, in view of the
canonical application to telephone networks, to assume that all service times have
mean 1. We shall define Ay = Ay + Ao + v, py = p1 + pa, p1 = A1/, p2 = A2/ po,
and py = Ay/pq

In the case of - /M /1 queues, if p3 = p2 the discretionary customers will join the
shorter queue at their arrival time. If uy # uo, there are two possible generalisations
of this policy. The first is to continue to join the shorter queue, that is the queue
with the fewer customers. This is the natural policy if arriving customers do not
know the service rates of the two queues. However, if arriving customers know those
service rates then the natural policy is to join the queue with the smaller expected
waiting time. We refer to these two policies as Join the Shorter Queue (JSQ) and
Join the Smaller Expected Waiting Time (JSEW) respectively. (A third policy,
in which the service requirement of each customer is known in advance and each
arriving customer joins the queue with the smaller actual waiting time, is analysed
in [16] in this volume.)

As one of the simplest models involving a routing decision, this model has a
long history, although most of the analysis has been in the heavy traffic limit, that
is as Ay — p4, rather than in a large deviations régime. Foschini & Salz [11] and
Reiman [17] showed that in the heavy traffic limit with g3 = po, provided that in
the limit » > |A; — A2/, then the queue lengths, suitably scaled, remain equal for all
time. Reiman calls this state space collapse, because in the limit the queue length
process is confined to a low-dimensional subspace of the whole space. It implies
the resource pooling property, that the total number of customers in the system
behaves as if the system were a single queue with the total arrival rate A; and the
total service rate p4. Resource pooling is an important property of networks in
general: it means that no part of the network will become overloaded unless the
whole system cannot cope with the total demand, an event which we could not do
anything about without increasing capacity or decreasing demand. In terms of the
perfomance of this particular system, the average delay for a customer is halved,
compared with a policy of random routing.

Kelly & Laws [14] obtain the same resource pooling consequences without state
space collapse by using a threshold routing rule, in which routing is random unless
the length of either queue falls below a certain threshold. This shows that the key
feature which enables resource pooling is that neither server is idle while there is
still work to do in the system. Turner [21] observes partial resource pooling in
the borderline case, in which in the limit v = |\ — A2|. Kelly & Laws [14] also
provide a review of the work on resource pooling in the heavy traffic limit, with
many references. Harrison & Van Mieghem [12, 13] have recently united the many
observations of state space collapse by explaining the phenomenon in algebraic
terms, in terms of the network data (see also Bramson [5]).
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There are few papers looking at join the shorter queue models in the large
deviations limit. The reason is partly the scarcity of large deviations theory con-
cerning Markov processes with jump rates which vary discontinuously. But recently
several authors, most notably Dupuis & Ellis [7, 8, 9], have started to develop such
a theory, which is of considerable engineering importance.

Alanyali & Hajek [2] considered the -/M /oo version of our model in the case
that both queues have the same capacity. They use theory which they themselves
developed [1] based on earlier work of Blinovskii & Dobrushin [4]. We shall describe
and use this theory in Section 3.

There are certain régimes of interest in the JSQ version of the -/M/1 model
which are not present in the -/M /oo model considered by Alanyali & Hajek. Some
of these régimes have been identified by Foley & McDonald [10]. While their re-
sults imply large deviations results, they obtain them through a different approach,
namely the method of h-transforms using results developed by McDonald [15]. This
approach yields stronger results, but is not immediately applicable to the JSEW
policy or the -/M /oo model. Therefore it is valuable to obtain their results again
through large deviations techniques.

In this paper, we shall collect the results of Alanyali & Hajek, and Foley &
McDonald, as well as some new results of our own. We shall then be able to
compare the behaviour of the -/M/1 and -/M /oo models, as well the JSEW and
JSQ policies. One distinctive feature of our presentation will be the phrasing of
the results in terms of resource pooling, a concept more commonly associated with
the heavy traffic limit. This continues the program begun in [19] (see also [20, 21]),
where some of these results appeared in a preliminary form.

The outline of the paper is as follows. In Sections 2 and 3 we give results for the
JSEW and JSQ policies respectively. In Section 4 we describe how the behaviour
of -/M/oo queues compares with that of -/M/1 queues. Finally in Section 5 we
comment on the extension to more than two queues.

We shall assume knowledge of key concepts from the theory of large deviations
for processes. The reader is referred to Shwartz & Weiss [18] for a text book on this
subject. In making large deviations statements, we shall for conciseness assume
implicitly that the queue sizes have undergone the usual large deviations scaling,
in which jumps are n times as fast and 1/n times as large as normal, and n tends
to infinity. In other words, if the unscaled queue sizes are given by Q(t), then we
set X™(t) = Q(nt)/n and let n tend to infinity. By the large deviations path we
shall mean the path which minimises the large deviations rate over a given set of
paths. If the large deviations path is unique then, conditional on the path of X™
being in the given set, it lies in any small tube about the large deviations path with
a probability approaching 1 as the limit is taken.

2 Join the smaller expected waiting time

In this section we shall examine the system under the Join the Shorter Expected
Waiting Time policy. Recall that under this policy, we assume that an arriving
discretionary customer knows the service rates of the two queues, and joins the
queue with the smaller expected waiting time, that is, the queue with the smaller
value of X;/p;.

The main difficulty in finding the large deviations rate for an event of interest
in any Join the Shorter Queue type of model is knowing whether a large deviations
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principle even holds for the system, given the discontinuous jump rates. However,
recent theoretical advances by Dupuis & Ellis [7, 8, 9] have now answered this
question in the affirmative for all the models in which we shall be interested. Given
the existence of a large deviations principle, we shall then be able to find the
large deviations rate for an overflow event by simple comparisons with known large
deviations rates for the single queue.

Alanyali & Hajek [2] have proved similar results for the M /M /oo system using a
more general theory. We shall review their work in Section 3, but in this section we
shall use a different method which emphasises the formulation in terms of resource
pooling.

First recall the following results for a single M /M /1 queue receiving arrivals at
rate A and serving at rate p > A (see for example [6, 18]). Under the usual large
deviations scaling, the local large deviations rate for travel at velocity v is

+ VY2 + 4\
Lxu(y) = ylog (W) + A+ p—Vy?+4. (2.1)

For sufficiently large fixed T, the large deviations rate to go from occupancy k to
occupancy C > k in time at most T is then

Ixu(k,C) := (C—k)inf{Lx,(y)/y :y > 0}

it
(C —k)log ()\) . (2.2)
This is also the large deviations rate to overflow level C' before returning to 0, but
we shall use the fixed T formulation because it fits in with the theoretical framework

of Dupuis & Ellis [8], and also because it has more engineering significance.
We shall make the following assumption on the parameters of the model.

Assumption 2.1 There exists a 0 < 3 < 1 such that
M +Br) _ Qe+ (1-B)

H1 M2

There are other equivalent formulations of this condition. This formulation
allows us to state the condition in words as follows: that the traffic intensities at
the two queues can be equalised by a proper allocation of the discretionary traffic,
meaning an allocation which does not send all the discretionary traffic to just one of
the queues. Without this assumption, the expected waiting times could not be kept
equal by any routing scheme, so the two queues would effectively act independently
during an overflow.

We shall first find the large deviations rate for the event that the total occu-
pancy of the system exceeds some constant u, C by some large fixed time T. (For
fixed C, any sufficiently large T" will give the same answer: the factor u, is just for
notational convenience). As we shall see later, this calculation is also an important
step towards calculating the large deviations rate for other overflow events.

Theorem 2.2 Under Assumption 2.1, the large deviations rate to reach the set
X1+ Xy > pyC by time T is In, . (0, u4.C), and the large deviations path travels
along the diagonal X1/p1 = Xo/pa.

Proof First note that we can couple our system with a single M/M/1 queue
with arrival rate Ay and departure rate py. We shall call this single queue the
pooled system. Under the coupling, the arrival times remain the same in both
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systems, and the departure times are the same except that a departure can never
occur from an empty queue: thus the total occupancy in our system is always at
least as much as the total occupancy in the pooled system. This immediately shows
that the large deviations rate for an overflow from total occupancy pyk to pyC' is
at most In, ., (p4k,puyC): with k = 0, this is the amount in the statement of the
theorem.

Also note that if the large deviations path does not touch the axes X; = 0 or
X5 = 0 during the overflow then equality holds in the previous paragraph, because
the total occupancy of our system, and the transition rates of the total occupancy,
are then the same as those of the pooled system throughout the overflow. We shall
now prove that the path does indeed not touch the axes.

Say that a path is of class k if the last point which it touches along the diagonal
is (u1k, pok): formally, if

Xy (sup{t: X1(t) /1 = X2(t)/p2}) = pak-

Suppose that the large deviations path to reach X7 + X5 > u, C is of class k < C.
Furthermore, suppose that it reaches X; + X > p4C at the point (a, u+C — a),
with a > p1C. The key observation is that after the process has left the diagonal,
all the discretionary traffic is routed to the second queue. Therefore during this
part of the overflow, the queues are independent M /M /1 queues, and we can use
the results on the single queue to calculate the large deviations behaviour for this
tail portion of the overflow path.

It is clear that reaching (a,u4+C — a) is a lower probability event than the
first queue reaching a and the second queue reaching py C — a, not necessarily at
the same time. Therefore the large deviations rate for reaching (a, 4+ C — a) from
(1 k, pok) satisfies

r > I/\1,u1 (Mlka a) + I/\2+V,u2 (:qua IU/+C - a)
_ _ 229 o M2
= (a— pik)log <A1> + (u+-C — a — pok) log ()\2 n 1/) . (2.3)

The derivative of (2.3) with respect to a is always positive by Assumption 2.1, so
substituting a = 1 C into (2.3), we get

41 M2
> — ni N —
I > m(C—k)log ()\1) po(C — k) log ()\2 1/)

> puy(C —k)log (";—I) (2.4)

= IA+,M+ (p+k, p4 C),

where (2.4) follows from the concavity of the log function. But by the pooling
argument, we have already shown that the large deviations rate for the overflow
event is at most this amount. Thus this path cannot be the large deviations path
for the overflow.

A parallel proof applies for a path of class k < C reaching a point (a, u+C — a),
with a < p1C. Thus we conclude that the overflow path to X7 + X > p4 C must
be of class C'. Since this applies for all lower C' too, the path must travel up the
diagonal. Finally, by the observation in the second paragraph of this proof, the
large deviations rate must be as in the statement of the theorem. |
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Intuitively, Theorem 2.2 says that provided Assumption 2.1 holds, the large
deviations rate to reach the set X3 + X2 > pu4C is the same as the bound implied
by the pooling calculation. This means that an overflow does not occur unless the
whole system cannot cope with the total amount of traffic arriving, an event which
we could not hope to do anything about even if we could reroute customers while
they were queueing. In this case we say that the system is pooled.

Note that the proof of this theorem did not use any ‘high level’ knowledge
about the expected form of the overflow path. For example, in the next section we
shall use Lemma 5.16 of Shwartz & Weiss [18] to show that the overflow path must
be piecewise linear. But in the above proof, we only used simple bounds on the
large deviations rate based on the known result for overflows of a single queue.

In many applications, it is more interesting to know the large deviations rate for
the event that either queue becomes large, rather than that the total of the queue
lengths becomes large. For example, this would be the overflow event of interest if
we were concerned about overflowing some finite buffers, or about not letting any
customer’s expected waiting time become too long. We have the following theorem.

Theorem 2.3 The large deviations rate to reach the set {X1 > u1C or Xa >
u2C} by time T is

I,y (0,04C) if v > a certain vy
Dy (0,1C) if v <wy and — pqlogpr < —palog ps
Iy, 1s (0, 10C) if v <wy and — pqlogpr > —pslog pa.

In the first case, the large deviations path travels along the diagonal, and in the
other cases it travels along the azis corresponding to the lower value of —u;log p;.

Proof Suppose that the large deviations path is of class k, in the sense de-
fined above. Then the overflow can be divided into two stages: first to (u1k, p2k),
and then to either X; > uyC or Xy > usC. By the Markov property, the large
deviations rate for the whole path is the sum of the large deviations rates for the
two stages. For the first stage, the cheapest path is to pass along the diagonal, by
Theorem 2.2. During the second stage, the two queues are independent. Further-
more, the non-overflowing queue can at that time follow its most likely behaviour,
corresponding to a large deviations rate of 0. The overflowing queue is the one
which has lower large deviations rate to overflow from the point (u1k, u2k), that is
the one with lower

(3

(C — k)i log (i—) . (2.5)

Suppose that it is the ith queue which minimises (2.5). Then the whole overflow
has rate

ik log (M—Jr) + (C = k)u;log (ﬂ) . (2.6)
Ap i

Now consider minimising this expression over k € [0,C]. Since the expression
is linear in k, the minimum is at 0 or C' according to the sign of

By i
1 — ] — p;l — .
prtog (52 = o (5

If v is sufficiently large, then this derivative is negative and the optimal path is the
one of class C, travelling along the diagonal. If v is small, then the optimal path
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is of class 0, travelling along the ith axis. This gives the rates in the statement of
the theorem.

Borderline cases have a continuity of paths with the same large deviations rate.
They can take either behaviour in the large deviations limit, or some intermediate
behaviour. O

If the overflow passes along the diagonal, then the large deviations rate is the
same as that for the pooled system. Again, an overflow does not then occur unless
the whole system cannot cope with the total amount of traffic arriving. If, on the
other hand, v is too small, then there is not enough flexibility in routing. A busy
period at one queue cannot be offloaded sufficiently to the other queue, and the one
queue overflows with the other queue still idle, so that the process travels along the
axis. This also occurs if v is so small that Assumption 2.1 does not hold.

3 Join the shorter queue

In this section, we shall first describe the theory of Alanyali & Hajek [1]. We
shall then use it to analyse the JSQ policy for -/M /1 queues.

Let At ={z eRl:2y >0}, A~ ={z€R:2y <0}and A° = {z € R? :
z1 = 0}. Say that a Markov process on R? evolves according to a measure v if when
it is in state x it next jumps after time exponentially distributed with parameter
v(z,R?), and the jump size is in A C R? with probability v(z, A)/v(z, R?).

Now suppose that we are given a Markov process Q on R? which has jump
rates which are continuous in each half of the state space in the following sense.
From z € A, Q evolves according to the measure v~ (z, ), and from z € AT U A9,
@ evolves according to the measure v (z,-). Each of vt and v~ is continuous
in the sense that for all € > 0 there exists a § > 0 such that |z — 2’| < § implies
dv(z)/dv(z') < (1 +€). We also require the communicability condition, that for
each z € A=, v=(z,A") > 0, and for each x € AT U A°, v*(x, A7) > 0: in other
words, that positive jumps are possible from all negative positions and vice versa.
Technical conditions on the boundedness and tail decay of v* and v~ are also
required. Then the following result holds.

For ~ € {+, -}, define

M™(z,0) = /R (=) v (a,d2)
A~(z,y) = sgﬁd{yC—M“(x,C)}
A(z,y) = inf{BAT(z,y")+ (1 -B)A (z,y7):0<B <1,

yteA,yT €AY Byt + (1-PBy =y} (3.1)
Then in the usual large deviations scaling, the sequence X™ satisfies a large devia-

tions principle in the space of continuous functions, with each absolutely continuous
path ¢(t) having large deviations rate

T = [ Aenéoa (3.2)

where A(z,y) equals AT (z,y), A= (x,y) or A%(z,y) according as z is in AT, A~
or A9 respectively.

These expressions are easily understood. AT and A~ are the usual local large
deviations rate functions for the measures v and v~. They apply while the process
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stays wholly within the positive or negative half of the space. A° contributes to
the rate function (3.2) when the process moves along the boundary between the
two halves of the space. However, it is only in the large deviations limit that the
process actually stays on this boundary. The finite-n processes merely stay close
to it, spending some time on one side of the boundary and some time on the other
side. Equation (3.1) encapsulates this. Intuitively, it says that the process spends
a proportion 8 of its time in the positive half of the space, moving at an average
velocity of y*, and a proportion (1 — ) of its time in the negative half, moving at
an average velocity of y . The large deviations rate for travel along the boundary at
a velocity y corresponds to the cheapest way to assign these quantities, conditional
on reverting towards the boundary from each half, and on the net velocity being y.

We shall now use this theory to analyse the -/M/1 system under the JSQ
routing rule, that is, when arriving discretionary customers do not know the ser-
vice rates of the two servers, and so join the queue with the smaller number of
customers. Since by independence we know the large deviations rates for paths
away from the diagonal X; = Xj, it only remains to calculate the rate for paths
that travel along the diagonal. For this system, there is an equivalent formulation
of (3.1). Let X; < X5 correspond to A1 in the above formulation, and X; > X,
to A~. While the process is in AT, all the discretionary traffic is routed to the first
queue, and conversely. Thus @ should not only represent the proportion of time
spent in AT, but also the proportion of the discretionary traffic routed to the first
queue. So intuitively the local large deviations rate for travel along the diagonal at
velocity (y,y) should be given not only by (3.1) but also by

AO(('Z.: iII), (yay)) = inf{L/\H—ﬂv,;u (y) + L/\2+(1—ﬂ)u,u2 (y) :0 S ﬂ S ]-}7 (33)

where L is the local large deviations rate for the single M /M /1 queue, given at (2.1).
In [2], Alanyali & Hajek show that this is in fact the case.

We shall start as in Section 2 by calculating the large deviations rate for the
total occupancy of the system to exceed some constant, which we shall now call C,
by some large time 7'. We claim that the only candidates as the large deviations
path to reach the set Xy + X2 > C' are straight lines out of the origin. Lemma 5.16
of Shwartz & Weiss [18] shows that large deviations paths within any region of con-
stant jump rates must be straight lines. (This follows from a convexity argument.)
And paths which follow a straight line through one region and then a straight line
through another region are ruled out by the argument used in the proof of The-
orem 2.3: since the large deviations rate is linear within each region, it is always
minimised by the whole path being in just one of the regions.

It is convenient to divide the candidate paths into three classes: those which
travel along the diagonal, those which travel along an axis, and those which travel
along some other ray. By the same coupling argument as at the beginning of the
proof of Theorem 2.2, the large deviations rate for the overflow must always be at
most Iy, .. (0,C), and unless the optimal path is along an axis, it must be exactly
this amount, with the total occupancy increasing at rate pu4 — Ay.

The large deviations rate for the path along the diagonal is found by minimis-
ing (3.3) over y > 0 and 0 < B < 1. This does not seem to be easy to do a priori:
in particular, numerical minimisations show that the optimal # depends on y, so
the optimisations over y and 8 cannot be carried out independently. However, the
coupling argument and the bound on the answer in the previous paragraph allow
us to predict the answer and verify it. The coupling argument shows that if the
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path along the diagonal is to be the optimal path, then the optimal y must be
§ = (4+ — A+)/2. The optimal § can be deduced from a result in Foley & McDon-
ald [10]. They look at this problem using the method of h-transforms. One of their
results gives the stationary distribution of (X7 — X2) when the region X; + Xy > C
is reached, for large C'. We can therefore propose a candidate 8 by summing the
mass of their distribution over the positive and negative halves of the real line. This
gives
A At v—2X\ +p3_(,u1—ltz)

j= = . (3.4)

Substituting these § and 3 into (3.3) does indeed give the rate I +.u4(0,C) implied
by the pooled calculation. So provided that 0 < B < 1, the path along the diagonal
is the optimal path. This condition can be written v > |pi (2 — p1) + A — Azl

If a path along neither the diagonal nor an axis is optimal, it must have velocity
(¢, 2§ — ¢), with ¢ not equal to 0, §j or 2¢. Suppose that the path travels below the
diagonal. In this region the two queues are independent, so finding the optimal
path of this type is equivalent to solving

inf{Ll\laﬂ«l (c) + Lixytv,pe (20—c):g<c< 23)}

This problem can be solved algebraically to give the solution ¢ = A; pjrl — p1p+,
with the total rate given by the pooled calculation. This path is then the optimal
one provided that ¢ > g. This condition can be written v < p%r (2 — 1) + A1 — Ao
The condition ¢ < 27 is also required, but turns out to be redundant. There is a
parallel calculation for paths above the diagonal.

Finally, the optimal path along the first axis has the large deviations rate
I, 11 (0,C), corresponding to the first queue performing the single-queue overflow,
and the second queue performing its most likely behaviour with a large deviations
rate of 0. This will be the optimal path if and only if its rate is less than that
implied by the pooling bound, in other words if Iy,,,, (0,C) < I, (0,C). This
condition can be written p; > py.

We have thus proved the following theorem.

Theorem 3.1 The large deviations rate to reach the set X1 + Xo > C by time
T is
IAl,Hl (05 C) Zf pP1 > P+
I)\zaﬂz (05 C) Zf p2 > P+
I’\+au+ (07 C) if py > maX{p1, pz}.

In the first two cases, the large deviations path is along the respective axis. In
the final case, the large deviations path is along the diagonal X; = Xy if v >
|3 (12 — p1) + A1 — Xo|. Otherwise the large deviations path is a straight line at

velocity (Mpy' — papy, M2 +v)p7t — papy) if Mpy' — ppy > Aaplt — papy, or
(M +v)pt — ppy, Aap " — papy) in the opposite case.

Foley & McDonald [10] refer to the paths along the diagonal, along an axis,
and at an intermediate angle as the strongly pooled case, the unpooled case and the
weakly pooled case respectively. In the pooled cases, the large deviations rate is
—C'log p+ as implied by the pooling calculation, and thus the performance of the
system is, in the large deviations sense, the best one could achieve given the total
arrival rate and service rate of the whole system. In the unpooled case, the large
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deviations rate is the lower —C'log p; or —C'log p2. In the strongly pooled case,
the overflow path stays close to the diagonal, but in the weakly pooled case all the
overflow traffic goes to one queue, the only interaction of the queues coming as a
result of the overflow condition X; + X5 > C.

Foley & McDonald show that in the strongly pooled case, the process stays
close to the diagonal even in unscaled space: at the time of an overflow of a large
level, the difference between the queues is close to a known constant distribution.
We do not expect this to be the case for the weakly pooled case because, apart
from rare interactions with the diagonal and axes, the distance of the queues from
the large deviations path is a null recurrent Markov chain, so should tend to have
deviations of O(y/n) rather than O(1).

In fact, in the formulation of the theorem we have counted as weakly pooled the
case in which the overflow path is along the diagonal but B equals 0 or 1, because
in that case too the process spends all its time on one side of the diagonal, so that
all the overflow traffic goes to one queue. A more detailed analysis, as in Foley &
McDonald, confirms that that case has the properties of the weakly pooled, not the
strongly pooled, case. As in Theorem 2.3, we do not specify the behaviour at the
boundary between the pooled and the unpooled cases, because the large deviations
path is not unique at such parameters.

The theorem can alternatively be interpreted this way. With the value of B
at (3.4),

M+ Bv)prt — mps = 2 + (1= B)v)pi' — paps- (3.5)

Now for a pooled overflow, the system acts as if all the arrival rates had been
multiplied by pjrl and all the service rates by py. Equation (3.5) says that once
the discretionary traffic has been allocated to each queue, the twisted arrival rates
minus the twisted service rates are the same at each queue. So the system is
strongly pooled if there is a proper allocation of the discretionary traffic which
equalises these quantities. If there is no such allocation, but there is a proper
allocation of the discretionary traffic which equalises the traffic intensities at the
two queues, then the system is weakly pooled. Otherwise the system is unpooled.

Overflows to the set where either queue is large can be obtained easily by a
calculation parallel to that of Theorem 2.3. It turns out that we just need to
compare —C'log p1, —C'log p2 and —(2C) log p+. We state the result in the following
way.

Theorem 3.2 The large deviations rate to reach the set {X1 > C} or {X5 >
C} by time T s
I, 0 (0,2C) if p% > max{p1,p2}
I (0,C) if p1 > p}
Dous (0,C) if pa > pi.
In the first case, the large deviations path travels along the diagonal, and in the

other cases it travels along one of the azes.

Note that there is no weakly pooled case in this theorem. All of the cases which
were weakly pooled in Theorem 3.1, and even some of those which were strongly
pooled, become unpooled in this theorem. This shows that the notion of whether a
system is pooled depends not only on the parameters of the model, and the routing
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rule used, but also on the particular overflow event we are considering. A system
can be pooled for overflows to one set, and unpooled for overflows to a different set.

One can of course also obtain the JSEW results of Section 2 by the methods
in this section. This differs from the JSQ analysis in one key respect. When
minimising the parallel expression to (3.3), the optimal value of g is independent
of y, and is given by

B _Agp — e+ mv
(1 + p2)v

so for this problem the optimal allocation of discretionary traffic does not depend
on the speed of travel along the diagonal. This value of # is the value which
satisfies Assumption 2.1, in other words it equalises the traffic intensities at the
two queues. In this case, therefore, the condition for strong pooling as opposed to
weak pooling is that the traffic intensities can be equalised by a proper allocation
of the discretionary traffic. But this is the same as the condition for pooling as
opposed to no pooling, and so weak pooling does not occur in this system. This
agrees with what we found in Section 2.

4 -/M/oco queues

The analysis of -/M /oo queues has been covered in some detail by Alanyali &
Hajek [2], and we shall not repeat their work. Instead, we shall describe how this
case compares with that of -/M/1 queues.

The event of interest for -/M /oo queues is that either queue exceeds a certain
capacity bound, in other words that the first queue exceeds occupancy C or the
second exceeds C>. Alanyali & Hajek only consider the case that C; = Cs, but if
C1 # (3, we shall assume the natural routing policy, that an arriving discretionary
customer is routed to the queue with the smaller value of X;/C;. This is analogous
to the Join the Smaller Expected Waiting time policy in the -/M/1 case.

The first observation is that Theorem 2.2 carries over essentially unchanged.
In other words, the large deviations rate to reach the line X; + Xy = k is the same
as that for the pooled system, and the large deviations path travels along the
diagonal X;/Cy = X»/C5. Here the pooled system is the single M/M /oo queue
with the same total arrival rate and total capacity as the whole system. The proof
is essentially the same as before, with just a couple of technical modifications. (See
[19] for details.)

However, there are some differences as well. The large deviations path for the
overflow of a single M /M /oo queue is not linear in time, nor is the large deviations
rate linear in the capacity to be overflowed. This leads to two main differences
when we consider the analogue to Theorem 2.3.

First, the minimisation at (2.6) no longer necessarily results in a minimum at
0 or C. This means that an overflow may be of the following form: the occupancies
rise together along the diagonal for a time, and then one of the queues overflows
with the other reverting to its average behaviour. We view this as a sort of par-
tial resource pooling because the overflow behaviour is intermediate between the
unpooled and fully pooled cases described earlier.

Secondly if C; # Cs, it is no longer immediate which queue is more likely
to overflow, and furthermore the choice does not only depend on a function of A;
and C;. In terms of equation (2.5), the minimisation over ¢ = 1,2 cannot be carried
out independently of k. For example, suppose that \y = 7, A = 11.5, C; = 10
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and Cy = 15. If v = 1 then the optimal value of k£ is 0.8 and the second queue
overflows. But if v = 2, the process travels further along the diagonal to k = 0.91
and then the first queue overflows. There is a balance between the second queue
being busier and it having further to go to overflow, and which of these factors
domainates depends on the optimal value of k, and thus on all the parameters in
the model.

5 More than two queues

Consider now a queueing network with more than two queues. Customers are
only served at one queue, but each arriving customer has a routing choice between
some subset of the queues. We shall consider only the JSEW policy. We shall
phrase our comments in terms of - /M /1 queues, but there is an immediate analogue
in terms of -/M /oo queues.

This extension appears to be substantially harder than the case of two queues,
and we only have a conjecture. We shall begin by reviewing previous progress, and
then give our conjecture and an example of how the result could be used.

First, the work of Dupuis & Ellis [8] again shows that a large deviations principle
exists for the paths of this process, but does not identify the rate function explicitly.

The theory of Alanyali & Hajek [1] does not cover this case because it only
allows two regions separated by a hyperplane. We conjecture that their result
extends in the obvious way to paths travelling along an edge bordering more than
two regions. However, we do not expect the proof to be easy. In any case, it would
be difficult to optimise over a vector of §’s in an expression parallel to (3.1) or (3.3).

In a recent paper, Atar & Dupuis [3] have avoided the optimisation over a
vector of 3’s by phrasing their problem in terms of the twisted jump rates in each
direction instead. If the problem possesses certain structural properties, then a
convexity argument shows that essentially the same twist is applied in all regions
bordering an edge, thus reducing the problem from one involving a number of 3’s
that grows exponentially as the dimension increases to one involving only a few
jump directions. However, their work currently only applies to a discontinuity at a
boundary of the state space, not to an internal discontinuity as in our problem.

In Turner [19], an induction argument is used to identify the rate function for
any path in the problem, provided that a certain load balancing condition, general-
ising Assumption 2.1, holds. The load balancing condition is a strong one, requiring
the traffic intensities at any subset of queues to be able to be equalised not only
when the subset receives all of the traffic which must use it, but also when it is
given some of the traffic streams which may use it. Under this condition, any sub-
set of queues which reaches a certain total occupancy does so by maintaining equal
expected waiting times, regardless of the state of the other queues in the network.
The induction argument proceeds by regarding this subset as equivalent to a sin-
gle pooled resource, thus reducing the number of resources being considered. The
drawback of this approach is that the load balancing condition required is unreal-
istically strong: for example, it immediately requires that there is a discretionary
stream for each pair of queues. Furthermore, even when the large deviations rate
for every path is known, it does not seem easy to enumerate the set of paths cor-
responding to an overflow event of interest. In the two-dimensional case given in
Section 2, we were able to index all paths by the last point which the path touched
along the diagonal. However in more than two dimensions such a reduction is not
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possible. In order to proceed with this approach, one therefore needs to make an
extra assumption on the type of path which could be an overflow path.

We now introduce our conjecture. Suppose that the overflow event of interest
is analogous to that in Theorem 2.3, namely that X; > u;C for some i by time 7.
Call an allocation of a discretionary traffic stream proper if each of the queues to
which that stream may be routed receives a positive proportion of the traffic.

Now call a subset of queues balanced if the following conditions hold. Restrict
to just the traffic streams that must use the subset in question, that is, that have no
choices outside it. The subset is then balanced if first, the traffic intensities at its
queues can be equalised by a proper allocation of the discretionary traffic streams,
and secondly, for any partition of the subset there is at least one discretionary
stream which can be routed to either sub-subset. Conceptually, a balanced subset
is one within which we could hope to maintain equal expected waiting times. The
conditions aim to ensure that the process restricted to the subset drifts towards the
line of equal expected waiting times from any point in its state space.

We now make the following conjecture.

Conjecture 5.1 The large deviations rate and path to reach the set {3i : X; >
w;C} by time T can be found as follows. Let S = {S(z) : 0 < z < C'} be any process
taking values in the space of subsets of the queues, with S(x) balanced for all x and
with S(x) C S(y) for all x > y. Let 0 = zg,21,2,..., 25y = C be the points at
which S(x) changes. Let u(x) be the total service rate of queues in S(x), and A(x)
be the total arrival rate at streams which must use that subset, both p and A\ being
taken to be right continuous. Then the large deviations rate for the overflow is

N—1
inf ZO In(os)pu(es) ((2s) Ty () Tig1 ),
1=
and the large deviations path involves the queues in S(x;) rising along their line of
equal expected waiting times from x; to x;1+1, with the rest of the queues free.

Note that because of the linearity of the rate function for -/M/1 queues, it
will always turn out that the optimal S is constant, as when we were minimising
expression (2.6). The problem then reduces to comparing u(S) log(u(S)/A(S)) for
each balanced subset S. We phrased the conjecture in the above way because it
allows the extension to -/M /oo queues, where S is not necessarily constant. Indeed,
Alanyali & Hajek [2] have already made a similar conjecture in the -/M /oo case.

Assuming this conjecture, we can analyse many models of interest. For exam-
ple, consider the following model, taken from Turner [20]. Thereis a set of N -/M/1
queues, N being large, arranged on a circle. Suppose that each queue has its own
dedicated stream of traffic of rate A = 0.2, and that each pair of adjacent queues
shares a discretionary stream of traffic of rate v = 0.75, with all queues serving at
rate p = 1. We are interested in the event that any queue exceeds capacity C'. The
optimisation reduces to comparing I;xi(i—1)s,iu(0,C) for different values of i. In
this case the optimum is at ¢ = 3, so, assuming the conjecture, the way that the
system overflows in the large deviations limit is for three queues to rise together,
with large deviations rate —3C'log(2.1/3).

On the other hand, consider the same model but composed of -/M /oo queues,
and with A = 100 and v = 150. Using the -/M /oo version of the conjecture, the
most likely path for one queue to exceed a large capacity C involves four adjacent
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queues rising together from occupancy 252.7 to 254.9, then three queues until 261.2,
then two until 306.3, then one queue on its own until the capacity bound is reached.

(1]

=
)
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